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1 The Equivalence Principle

1.1 Science Picture

We summarize the equivalence principle in two equivalent pictures. The accel-
eration is constant and the gravitational field is homogeneous. To go from figure
1 to figure 2, and vise versa, move either the acceleration of the frame or the
gravitational field to the other side of the “equation” with a change of sign (di-
rection of the arrow). The red curves are the trajectories of any(!) particle with
an initial horizontal velocity, in the given frame. No other forces are present.
For inhomogeneous field the equivalence is valid in a small region of space and

a short time, i.e., in a small region of spacetime.
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Figure 1: Equivalence principle picture 1
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Figure 2: Equivalence principle picture 2



1.2 Exercise

1. Transform the line element of special relativity from the usual Cartesian

coordinates (¢, x,y, z) to new coordinates (t',a’,y’, 2’) related by

! !
ct=c (C + ac) sinh (gt>
g c c
/ t/ 2
c (c + x) cosh (g) . (1)
g c c g

xr =
y=1v
z2=12

where g is a constant with the dimensions of acceleration.

2. For g—f < 1 show that this corresponds to a transformation to a uniformly

accelerated frame in Newtonian mechanics.

3. Show that an at-rest clock in this frame at =’ = h runs fast compared
to a clock at rest at 2’ = 0 by a factor (1 + i—é‘) How is this related to the

equivalence principle?

1.2.1 The line element in the accelerated frame

The differentials of (1) are

! t/ t/
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¢ ¢ ¢
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dy = dy’
dz =d (2)



The line element is
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1.2.2 Newtonian approximation

o

For 6 = thl < 1, use approximations sinh (f) ~ 6 and cosh () ~ 1 + 162,

approximate (1)

c 1 [(gt'\? 2 , 01 1,
~cel-+= )1+ (= - — =~ —gt” ~ —gt 5
x c(g+c><+2<c> 7 2+ 59 T+ 59 (5)

This is the Newtonian transformation to an accelerated frame with constant

acceleration g along the x axis.

1.2.3 Clocks in the accelerated frame

The clocks at rest in the accelerated frame measure the proper time

dr? = —C—zds2 (6)

with da’ = dy’ = dz’ = 0. From (4) the proper time is



/
dr = <1 + g;) dt’ (7)

So in the accelerated frame (¢, 2',y’, 2’) the clocks at rest at different positions
x’ measure different time intervals, according to (7). A clock at rest at 2’ = 0

measures

de/:() = dt/ (8)

while a clock at rest at ' = h measures

h
dTyr_p = (1 + i2> dt’ 9)

dTpr—p gh
=14+ == 1 10
[ dT$IZO ( + C2 ) > ( a

Thus, the clock higher up in the accelerated frame runs faster. This is an

expression of the equivalence principle. The constant accelerated frame along
the positive z-axis with acceleration g is equivalent to an inertial frame with a

gravitational force along the negative x’-axis, with gravitational potential
¢ = ga' (11)

. Clocks in a gravitational field at points A and B tick at different rates accord-
ing to

drp = (1 + W) dra (12)

This is equivalent to (10). Also, plug (11) into (4) and approximate to first order

of é% to find the metric of weak static field, suited for low velocity particles

2
ds® = — <1 + Cf) (cdt')” + da'® + dy® + d=" (13)



2 Geodesics

An action S[g; (t),d; (t)] is a functional of the coordinates of the particle ¢; (¢)

and their derivatives (velocities) ¢; (¢).

S = /dtL (14)

The particle moves along a trajectory that extremizes the action §S = 0. The
integrand of the action is called a Lagrangian L (g;, ¢;). Extremizing the action

yields the Euler-Lagrange equations for the given Lagrangian

doL 0L _,
dt 8q1 8(]1' -

(15)
These are the equations of motion of the particle.

2.1 A Simplified Lagrangian

Free massive particles move between two events in spacetime along worldlines of
extremal proper time. These worldlines are geodesics of spacetime, i.e., curves

that extremize the proper time/length functional

dxt dzv
7':/d7':/\/—ds2 :/\/—gwdx#dx” :/d)\ x/Orrevre

where 2 ()\) is a worldline with some parameter A, and g, is the metric

ds® = g dztdz” (17)
Let us denote oy
xh dx¥
= g 1

The proper time functional thus has the form

T= /dA\/Tf (19)

The variation looks like

5T=/dA5\/j=—% ANfT25f (20)



It makes things easier if we now specify that our parameter is the proper time

7 itself, rather than some arbitrary parameter A. This fixes the value of f,

dz* dz”
= - = HOY = —
f=09uw I dr 9 U*U 1 (21)
From (20) we have
1
0T = -3 /dT(Sf (22)

Clearly the following alternative action would have the same variation (up to a

minus sign)

S = %/de (23)
1
68 = i/dféf (24)

Therefore, a worldline z* (7) that extremize (23) (65 = 0) also extremize 7 (19)
(67 =0). Plug f (18) into S (23) we have the simple action

1 dzt dx¥
5=3 / R (25)

We can use the Lagrangian

1 dx* dz¥
[ L m’}

Which is the form of a kinetic energy of the particle (%U 2) (per unit mass).

2.2 Canonical Examples

Let us find the geodesic equation for some common two-dimensional examples.

Consider the metric of a 2-sphere in spherical coordinates
ds? = df* + sin*0de* (27)

where 6 and ¢ are the polar and azimuthal angles respectively.

Consider also the metric of the Euclidean plane in polar coordinates

ds* = dr? + r*d* (28)



It will be efficient to consider a metric of the form
ds® = dx* + f (x)° dy? (29)

where x and v are some general coordinates, and f () is some arbitrary function
of the the first coordinate only. (29) is a general 2-dimensional diagonal metric

which is independent of one of the coordinates.

1 0
uv = (0 f (X)Q) (30)

The Lagrangian (26) is

O e ®)) @

The Euler-Lagrange equations (15) for the metric (29) are

d (dx dp\?
() -1 () =0 (32)
d dy
- (f (0’ dT) =0 (33)
¥ is a cyclic coordinate, and its conjugate momentum (per unit mass)
dip
P, = 2= 4
= 1007 (34)
is conserved. Open up (33)
d* dx di
2 [ Shah
! dr? +2ff dr dr (35)
The equations of motion are
d*x (A8
arz () f(x) dr =0 (36)
d? "dx d
Yy of 00 dxdy _ (37)

dr? f(x) dr dr

These geodesic equations for the coordinates (x, ) have a “naive” accelera-

2 2
tion terms Z%, % plus additional “corrections”, proportional to the coordinates



velocities. The additional term in (36) arise from the implicit dependence of the
Lagrangian of the y coordinate. It is like a “force” term derived from a poten-
tial, and it has a minus sign. The additional term in (37) arise from the implicit
dependence of the Lagrangian of the yx coordinate, through the motion of the

particle in the y direction. It has a plus sign.

2.2.1 The 2-sphere

The metric is

ds* = df? + sin0d¢> (38)

The coordinates are
x=0 v=9 (39)
f ) =sind  f(0) = cosbh (40)

The equations of motion are

2 2
Z—TZ — sinfcost <Zf> =0 (41)
d? df d
dT'f + 2607505%_) =0 (42)

The solutions are great circles. A simple geodesic to see is the equator

0(r) =%, ¢ (1) = a+br. The motion has constant speed because the choice of

the parameter 7. The conserved momentum (34) is
dg
Py = sin®0—- 43
b = sin"0 (43)

2.2.2 Polar coordinates

The metric is

ds* = dr* + r*do* (44)

The coordinates are



fr)=r ) =1

The equations of motion are

o (d0Y
dr2 " dr)

d?0 2dri9_

it i

(47)

(48)

These equations should be very familiar. Recall that in polar coordinates

and orthonormal polar basis, the acceleration vector is
a=a,T”+ até
The radial and tangential accelerations are

a, = it — r6?

ar = 76 + 270
The geodesic equations (47),(48) are nothing but

a, =0

1
Zap =
r

i.e., motion with no acceleration

a=0

namely, a uniform motion along a straight line in the plane.

The conserved momentum (34) is

10

(49)

(50)

(52)



3 Satellite Synchronization

3.1 Exercise

A satellite orbit the earth in a circular motion of radius r. What should that
radius be so that the clock on the satellite would be synchronized with a clock
on earth? Neglect the earth rotation, and calculate for leading order of weak

static field ;% < 1 and slow velocity ’c’—; < 1

Solution:

The metric of a weak static field is

ds® = — (1 + if) (cdt)® + (1 - i2) (da? + dy® + d=?) (54)

The proper time squared is

1 2 1 2
dr? = ——ds® = (1 + ¢> dt? — = (1 - f) (dz” + dy® + d2?)
C C C

2
29\ 1 2¢ de\®  (dy\® [dz\®
(1+02)—C2(1—02)((dt) + (i) + (%) )1“2
26 1 26
(<1+02)62<102>’02>dt2
6y v
2

2¢ v2 % ¢ v2

| o= (-5 (5w )

The potential on earth is

=" (58)

where M is the mass of earth, R is the earth radius and G is Newton’s gravita-
tional constant. The observer on earth is at rest v2 = 0 relative to the inertial

frame (t,x,y,z) (we neglect the earth rotation and motion). Plug into (57) we

11



find the clock on earth to have

GM

The clock is modified by the gravity.
The potential where the satellite is

GM
6=-
r
The satellite makes circular motion
2 GM
aqa=— = —
r r

Plug into (57) we find the clock on the satellite to have

c2\2 r r 2 c2r

Synchronize!
dTE = dTS
GM 3GM
<12R)dt < 2627«>d
Therefore 3
=—-R
"3
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(60)

(61)
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