
Homework 4

Question 1

Find the potential outside a sphere of radius R, which has the boundary conditions Φ = φ1

on one half and Φ = φ2 on the other half, with V1,2 constants.

Solution
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Question 2

Find the electric potential inside of a cylinder of radius a (coaxial with the ẑ axis) and height

h, where the bases (z = 0, h) are grounded and the potential on the shell is given by Φ = V

for 0 < ϕ < π and Φ = −V for π < ϕ < 2π.
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Solution
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Question 3

A spherical shell with radius a is divided to an even number of segments, 2n, by a set of

planes; their common line of intersection is the ẑ axis and they are distributed uniformly in

the angle ϕ (see �gure). The segments are held at �xed potentials ±V , alternately.

1. Write the potential inside the shell as an expansion in spherical coordinates, and write

the integral expression for the coe�cients.

2. Show that the coe�cients of Y`m vanish unless ` + m is even. Hint: Think about the

symmetry z → −z of the setup, and the property of Pm
` under cos θ → − cos θ.

3. Show that the setup has a symmetry of the form

Φ (ϕ)→ AΦ (ϕ+ ∆ϕ) ,

and �nd the constant A.

4. Determine for which values of m the coe�cient of Y`m in the expansion vanish, and write

the ones that do not vanish as an integral over cos θ.

Solution

1. The solution to the Laplace equation (without azimuthal symmetry!) is

Φ(r, θ, ϕ) =
∞∑
`=0

∑̀
m=−`

[
A`,mr

` +B`,mr
−`−1]Y`,m(θ, ϕ),
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and since we want to avoid a divergence at r = 0 we set B`,m = 0 and thus

Φ(r, θ, ϕ) =
∞∑
`=0

∑̀
m=−`

A`,mr
`Y`,m(θ, ϕ).

We �nd the coe�cients by equating across r = a,

Φ(r = a, θ, ϕ) =
∞∑
`=0

∑̀
m=−`

A`,ma
`Y`,m(θ, ϕ),

where the boundary condition is

Φ0(ϕ) =

+V , if 2π
2n
j < ϕ < 2π

2n
(j + 1) for even j

−V , if 2π
2n
j < ϕ < 2π

2n
(j + 1) for odd j

.

We use the orthogonality of Y`m and multiply by
�
Y ∗`′m′ (θ, ϕ) sin θ dΩ. We obtain the

coe�cients in integral form,

A`,m =

2π�

0

dϕ

π�

0

sin θ dθφ0(ϕ)Y ∗`,m(θ, ϕ) =

�
dΩφ0(ϕ)Y ∗`,m(θ, ϕ).

2. We express the parity property z → −z in spherical coordinates as cos θ → − cos θ.

Therefore,

Y`,m(θ, ϕ) =

√
2`+ 1

4π

(`−m)!

(`+m)!
Pm
` (cos θ)eimϕ

= (−)`+m

√
2`+ 1

4π

(`−m)!

(`+m)!
Pm
` (− cos θ)eimϕ

= (−)`+mY`,m(π − θ, ϕ)

where we used P` (−x) = (−)` P` (x), − cos θ = cos (π − θ) and

Pm
` = (−1)m

(
1− x2

)m/2
dmP` (x) / dxm.

Therefore we see that the only terms in the expansion which satisfy the symmetry of the

system (i.e. Y`m (θ, ϕ) = Y`m (π − θ, ϕ)) are the ones with `+m even.
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3. The boundary condition dictates that

Φ0(ϕ) = −Φ0(ϕ+
2π

2n
),

and thus A = −1. Since the Laplace equation is invariant under this transformation (i.e

if Φ(r, θ, ϕ) is a solution, so is Φ̃(r, θ, ϕ) = −Φ(r, θ, ϕ + ∆ϕ)), from uniqueness of the

solution we obtain

Φ(ϕ) = −Φ(ϕ+
2π

2n
).

4. We compute directly,

A`,m ∝
2π�

0

dϕΦ0(ϕ)e−imϕ =
2n−1∑
j=0

π(j+1)/n�

πj/n

dϕ (−)jV e−imϕ = Ãm.

For m = 0 we �nd

Ã0 =
2n−1∑
j=0

π(j+1)/n�

πj/n

dϕ (−)jV =
πV

n

2n−1∑
j=0

(−)j = 0,

and for m 6= 0 we have

Ãm =
2n−1∑
j=0

(−)jV

[
e−imϕ

−im

]π(j+1)/n

ϕ=πj/n

= − V

im

2n−1∑
j=0

(−)je−iπmj/n
(
e−iπm/n − 1

)
= − V

im

2n−1∑
j=0

(−e−iπm/n)j
(
e−iπm/n − 1

)
.

This is the sum of a geometric series: For −e−iπm/n 6= 1 we �nd

Ãm = − V

im

(−e−iπm/n)2n − 1

−e−iπm/n − 1

(
e−iπm/n − 1

)
= 0,

and for −e−iπm/n = 1,

Ãm =
2V

im

2n−1∑
j=0

1 =
4nV

im
,

meaning that A`,m = 0 unless m = (2k − 1)n for k ∈ Z. Therefore, the full integral for
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the coe�cients is

A`,(2k−1)n =

√
2`+ 1

4π

[`− (2k − 1)n]!

[`+ (2k − 1)n]!

1�

−1

d(cos θ)P
(2k−1)n
` (cos θ)

2π�

0

dϕΦ0(ϕ)e−i(2k−1)nϕ

=
4nV

im

√
2`+ 1

4π

[`− (2k − 1)n]!

[`+ (2k − 1)n]!

1�

−1

d(cos θ)P
(2k−1)n
` (cos θ).
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Question 4

A two-dimensional �pizza slice� geometry is de�ned in polar coordinates by the surfaces ϕ =

0, ϕ = β and ρ = a, as indicated in the sketch.

Use separation of variables in polar coordinates to show that the Dirichlet Green's function

inside the slice (0 < ϕ < β, 0 < ρ < a) can be written as

G (ρ, ϕ; ρ′, ϕ′) =
∞∑
m=1

4

m
ρ
mπ/β
<

(
1

ρ
mπ/β
>

−
(ρ>
a2

)mπ/β)
sin

(
mπϕ

β

)
sin

(
mπϕ′

β

)
.

Guidance: Recall the method used in question 4 of HW3, and use the completeness relation

δ (ϕ− ϕ′) =
2

β

∞∑
m=1

sin

(
mπϕ

β

)
sin

(
mπϕ′

β

)
.

Separating the solution to a radial function gm (ρ, ρ′) and a suitable angular part, choose

appropriate boundary conditions. Show that gm is symmetric under ρ ↔ ρ′, and use that to

prove that the radial solution must be

gm (ρ, ρ′) ∝ ρ
mπ/β
<

(
1

ρ
mπ/β
>

−
(ρ>
a2

)mπ/β)
.

Solution

The Green function solves the Poisson equation

∇2G = −4πδ(3) (~r − ~r′) = −4π

ρ
δ (ρ− ρ′) δ (ϕ− ϕ′) ,

where we have seen many times that the basis of sines satis�es the completeness relation

δ (ϕ− ϕ′) =
2

β

∞∑
m=1

sin

(
mπϕ

β

)
sin

(
mπϕ′

β

)
.
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Therefore,

∇2G = −8π

βρ
δ (ρ− ρ′)

∞∑
m=1

sin

(
mπϕ

β

)
sin

(
mπϕ′

β

)
,

and we can expand the Green function in terms of sin (mπϕ/β) sin (mπϕ′/β):

G (ρ, ϕ; ρ′, ϕ′) =
∞∑
m=1

gm (ρ, ρ′) sin

(
mπϕ

β

)
sin

(
mπϕ′

β

)
.

Plugging this form into the polar Poisson equation, we �nd for the radial function

1

ρ

∂

∂ρ

(
ρ
∂gm
∂ρ

)
− gm
ρ2

(
mπ

β

)2

= −8π

βρ
δ (ρ− ρ′) . (1)

We separate the problem to ρ = ρ′ and ρ 6= ρ′: For ρ 6= ρ′ we have the simpler equation

∂

∂ρ

(
ρ
∂gm
∂ρ

)
=
gm
ρ

(
mπ

β

)2

,

for which the general solution (as you've seen in class) is

gm (ρ, ρ′) = Am (ρ′) ρmπ/β +Bm (ρ′) ρ−mπ/β.

For a Dirichlet problem, we choose the boundary conditions to be vanishing on all the bound-

aries (ρ = a and ϕ = 0, β). Therefore,

gm (ρ = a; ρ′) = 0.

We wish to keep the radial solution regular at ρ < ρ′, and thus we choose

gm (ρ < ρ′; ρ′) = Amρ
mπ/β.

Using the boundary condition gm (ρ = a; ρ′) = 0, for ρ > ρ′ we obtain

0 = Bma
mπ/β + Cma

−mπ/β

=⇒ Bm = −Cma−2mπ/β

=⇒ gm (ρ, ρ′) =

Am (ρ′) ρmπ/β ρ < ρ′

Bm (ρ′)
(
ρ−mπ/β − a−2mπ/βρmπ/β

)
ρ > ρ′

We use continuity at

gm
(
r → r′+

)
= gm

(
r → r′−

)
,
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to obtain

Am (ρ′) (ρ′)
mπ/β

= Bm (ρ′)
(

(ρ′)
−mπ/β − a−2mπ/β (ρ′)

mπ/β
)
,

which gives the solution

gm (ρ, ρ′) =


Bm (ρ′) ρmπ/β (ρ′)−mπ/β

(
1

(ρ′)mπ/β
−
(
ρ′

a2

)mπ/β)
ρ < ρ′

Bm (ρ′)
(

1
ρmπ/β

−
(
ρ
a2

)mπ/β)
ρ > ρ′

We can now use the symmetry ρ↔ ρ′ to obtain the general solution; Switching the variables,

we �nd the radial function

gm (ρ, ρ′) =


Bm (ρ) (ρ′)mπ/β (ρ)−mπ/β

(
1

ρmπ/β
−
(
ρ
a2

)mπ/β)
ρ > ρ′

Bm (ρ)

(
1

(ρ′)mπ/β
−
(
ρ′

a2

)mπ/β)
ρ < ρ′

and equating gm (ρ, ρ′) = gm (ρ′, ρ), we obtain

Bm (ρ′) (ρ′)
−mπ/β

= Bm (ρ) ρ−mπ/β

=⇒ Bm (ρ) = Cmρ
mπ/β,

with Cm a constant independent of ρ, ρ′. Therefore, the solution in both regions has the form

gm (ρ, ρ′) =


Cmρ

mπ/β

(
1

(ρ′)mπ/β
−
(
ρ′

a2

)mπ/β)
ρ < ρ′

Cm (ρ′)mπ/β
(

1
ρmπ/β

−
(
ρ
a2

)mπ/β)
ρ > ρ′

or, using ρ< = min (ρ, ρ′) and ρ> = max (ρ, ρ′),

gm (ρ, ρ′) = Cmρ
mπ/β
<

(
1

ρ
mπ/β
>

−
(ρ>
a2

)mπ/β)
.

Finally, we use the discontinuity caused by the delta function,

lim
ε→0

� ρ′+ε

ρ′−ε

∂

∂ρ

(
ρ
∂gm
∂ρ

)
dρ = ρ

∂gm
∂ρ

∣∣∣∣
ρ→ρ′+

− ρ
∂gm
∂ρ

∣∣∣∣
ρ→ρ′−

= −8π

β
lim
ε→0

� ρ′+ε

ρ′−ε
δ (ρ− ρ′) dρ = −8π

β
,
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and obtain the coe�cients Cm,

− (mπ/β)Cm

[
1 +

(
ρ′

a

)2mπ/β

+ 1−
(
ρ′

a

)2mπ/β
]

= −8π

β

=⇒ Cm =
4

m
.

Therefore, the complete solution is

G (ρ, ϕ; ρ′, ϕ′) =
∞∑
m=1

4

m
ρ
mπ/β
<

(
1

ρ
mπ/β
>

−
(ρ>
a2

)mπ/β)
sin

(
mπϕ

β

)
sin

(
mπϕ′

β

)
,

as desired.
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