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The density of 

atoms can be 

related to the mass 

density. A metal 

contains 

Avogadro’s 

number of atoms 

per mole, 𝑁𝐴
= 0.6022 × 1024. 

The number of 

moles per 𝑐𝑚3 is 

𝜌𝑚/𝑀𝐴, where 𝜌𝑚
is the mass density 

and 𝑀𝐴 is the 

atomic mass of the 

element.
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The Drude Model

Brief description: 

The Drude model assumes that the metal consists of 

immobile, positively charged ions and conducting "free 

electrons" that are unattached to the ions or atoms. 

Although the electrons are confined to the metal. 

These valence electrons become delocalized (free to 

move throughout the metal) when the valence levels of 

the atom come in contact with the potential of the other 

atoms. 

e- ion
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The Drude Model

The assumptions of the Drude model are:

(i) The metal contains free electrons which form an 

electron gas.
e- ion

4

However, unlike a typical gas where the particles interact 

with each other through collisions (thereby reaching a 

thermal equilibrium), the electrons do not interact with 

each other. The electrons are assumed to interact with the 

immobile ions through collisions, and in between 

collisions they move with a constant velocity.

Neglecting the electron-electron interactions is known as the “independent 

electron” approximation. Neglecting the electron-ion interaction between 

collisions is known as the “free electron” approximation.



The Drude Model

(ii) Collisions are assumed to be instantaneous 

events that abruptly change the electron’s velocity. The 

ions are assumed to be impenetrable objects. In general, 

it’s possible to consider the change of electron velocities 

as some scattering mechanism without specifying the 

details.

e- ion

5

(iii) We assume that the electron experience a 

collision with probability 1/𝜏 per unit time. Namely, the 

probability density function of time between successive 

collisions is exponential.



The Drude Model

(iv) The electrons have random motions through

the metal with Ԧ𝑣𝑡ℎ = 0 and 
1

2
𝑚𝑒 Ԧ𝑣𝑡ℎ

2 =
3

2
𝑘𝐵𝑇 . 

The latter is a result of the equipartition theorem. 

The random motion results from electrons colliding with 

the ions and enables the system to reach thermal 

equilibrium. 

e- ion

Boltzmann constant 

kB = 1.38  10-23 J/K
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(v) Because the ions have a very large mass 

(compared with the electrons), they are essentially at rest.



The starting point is Ohm’s law which states that 

𝑉 = 𝐼𝑅,

where V is the potential drop along a conducting wire, R is the resistance of the 

wire which may depend on its dimensions, the temperature, and additional 

environmental factors but not on the magnitude of the current or the potential 

drop.

The Drude model description of DC electrical conductivity
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The resistivity, 𝜌, which depends only on the material properties of the 

conducting wire (and not on the dimensions), is the proportionality constant 

between the electric field at a point and the current density it induces.

𝐸 = 𝜌 Ԧ𝑗 𝑂ℎ𝑚′𝑠 𝑙𝑎𝑤 𝑓𝑜𝑟 𝑑𝑒𝑛𝑠𝑖𝑡𝑖𝑒𝑠

The current density is a vector parallel to the flow of charge, whose magnitude 

is proportional to the amount of charge per unit time crossing a unit area 

perpendicular to the flow. 



For example, in a uniform wire with a cross section A and length

L the relation between the electric field and the potential drop is

𝑉 = 𝐸𝐿

The current density is simply the current divided by the cross

section area, such that

𝑉 = 𝐸𝐿 = 𝐼𝑅 = 𝑗𝐴𝑅 → 𝐸 = 𝑗𝐴𝑅/𝐿 → 𝜌 = 𝑅𝐴/𝐿

The Drude model description of DC electrical conductivity
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The electron density per unit volume, n, and the electron velocity,

Ԧ𝑣, determine the current density,

Ԧ𝑗 = −𝑛𝑒 Ԧ𝑣

In general, different electrons move in different directions and the

net current density is obtained by averaging the above equation.

The Drude model description of DC electrical conductivity
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In the absence of electric field, the thermal motion has no preferred

direction and the average velocity is zero and so is the current density.



• The electron concentration (density) n is taken as a density of valence 

(“free”) electrons. 

𝑛 =
𝑁

𝑉
=

1

𝑉𝑜𝑙𝑢𝑚𝑒 𝑝𝑒𝑟 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛
=

1

4𝜋𝑟𝑠
3

3

→ 𝑟𝑠 =
3

4𝜋𝑛

1
3

The radius characterizing the electron density is usually measured in 

units of Bohr radius, 𝑟0 =
ℏ2

𝑚𝑒𝑒
2 ≈ 0.529 × 10−10𝑚, which is the radius 

of the hydrogen atom in its ground state. The ratio 𝑟𝑠/𝑟0 is in most cases 

in the range of 2–3 and for special metallic compounds can reach 10.

The Drude model description of DC electrical conductivity
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In the presence of electric field:

Ԧ𝐹𝑒 = 𝑚𝑒

𝑑 Ԧ𝑣

𝑑𝑡
= −𝑒𝐸 −𝑚𝑒

Ԧ𝑣

𝜏

This is simply Newton’s equation of motion including the effects of the electric 

field (the first term on the RHS) and the friction due to collisions with the 

immobile ions (the second term on the RHS).

The Drude model description of DC electrical conductivity
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𝑑 Ԧ𝑣

𝑑𝑡
= −

𝑒𝐸

𝑚𝑒
−

Ԧ𝑣

𝜏
= −

Ԧ𝑣 + Ԧ𝑣𝑑
𝜏

𝑑 Ԧ𝑣 + Ԧ𝑣𝑑
𝑑𝑡

= −
Ԧ𝑣 + Ԧ𝑣𝑑
𝜏

→ Ԧ𝑣(𝑡) + Ԧ𝑣𝑑 = Ԧ𝑣(0) + Ԧ𝑣𝑑 𝑒−𝑡/𝜏 = Ԧ𝑣𝑑𝑒
−𝑡/𝜏

→ Ԧ𝑣 𝑡 = − Ԧ𝑣𝑑 1 − 𝑒−𝑡/𝜏 𝑖𝑛 𝑠𝑡𝑒𝑎𝑑𝑦 𝑠𝑡𝑎𝑡𝑒 Ԧ𝑣 𝑡 → ∞ = − Ԧ𝑣𝑑

Ԧ𝑣𝑑 =
𝑒𝐸𝜏

𝑚𝑒

The solution for the velocity, assuming a zero initial velocity (because on average 

after a collision the velocity is zero due to the isotropic scattering) is:



Substituting the drift velocity into the expression for the current density we find 

for the steady state:

Ԧ𝑗 = −𝑛𝑒 Ԧ𝑣 = −𝑛𝑒(− Ԧ𝑣𝑑) = 𝑛𝑒
𝑒𝐸𝜏

𝑚𝑒
= 𝜎0𝐸 𝑤ℎ𝑒𝑟𝑒 𝜎0 = 𝑛𝑒2

𝜏

𝑚𝑒

𝜎0 is the conductivity, which for isotropic crystals is simply the inverse of the 

resistivity.

The Drude model description of DC electrical conductivity
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The derivation we used assumed that the scattering is isotropic. 

This is not necessarily the case. 

When the scattering is not isotropic, namely the effective friction is not parallel 

to the velocity, the electric field and the current density may not be parallel. 

In this case, one has to use a tensor for the conductivity and the relation between 

the current density and the electric field is 

Ԧ𝑗 = 𝜎 ⋅ 𝐸

Where the conductivity is a tensor of the form

𝜎 =

𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧

The Drude model description of DC electrical conductivity
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The conductivity depends on known parameters, such as the electron charge, the electron mass, 

and the electron density. However, the relaxation time is unknown. Usually it is inferred from 

measurements of the conductivity. The typical relaxation times are ∼ 10−14 − 10−15𝑠

The Drude model description of DC electrical conductivity
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The Drude model description of DC electrical conductivity
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It is useful to estimate the “mean free path” (the mean distance the

electron travels between successive collisions):

𝑙𝑓𝑟𝑒𝑒 = 𝑣𝜏

In Drude’s time it was natural to estimate the velocity using the

thermal energy, i.e.,

1

2
𝑚𝑒 Ԧ𝑣𝑡ℎ

2 =
3

2
𝑘𝐵𝑇 → 𝑣𝑡ℎ =

3𝑘𝐵𝑇

𝑚𝑒

Room temperature may be estimated as ~300𝐾 , Boltzmann

constant is 𝑘𝐵 ∼ 1.38 × 10−23𝐽/𝐾 , the electron mass is 9.11

× 10−31𝑘𝑔

⇒



The Drude model description of DC electrical conductivity
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𝑣𝑡ℎ =
3𝑘𝐵𝑇

𝑚𝑒

1/2

≈
3 × 1.38 × 10−23 × 300

9.11 × 10−31
𝐽

𝑘𝑔

1
2

=
9 × 1.38

9.11
1010

𝐽

𝑘𝑔

1
2

≈ 1.17 × 105 𝑚/𝑠

The mean free path is then 𝑙𝑓𝑟𝑒𝑒 = 𝑣𝑡ℎ𝜏 ∼ 10−10 − 10−9𝑚 = 1

− 10Å

This distance is comparable with the inter atomic distance and, therefore, it

seems to agree with Drude’s assumption that the scattering is due to collisions of

the free electrons with the immobile ions.



The Drude model description of DC electrical conductivity
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Despite the agreement of the mean free path in room temperature

with the interatomic distance, for lower temperatures the thermal

velocity drops as the 𝑇 while the measured resistivity, from which

we derive the decay time, does not compensate for the decrease of

velocity.

For example, for Copper (Cu), the decay time is 𝜏𝐶𝑢,77𝐾 = 21

× 10−14𝑠. The thermal velocity at this temperature is

𝑣𝑡ℎ =
3𝑘𝐵𝑇

𝑚𝑒
=

3 × 1.38 × 10−23 × 77

9.11 × 10−31
𝐽

𝑘𝑔

1
2

≈ 3.9 × 104 𝑚/𝑠

So the mean free path is:

𝑙𝑓𝑟𝑒𝑒 ≈ 82Å



The Drude model description of DC electrical conductivity
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82Å is much larger than the interatomic spacing. With nowadays

technology, it is possible to reach a mean free path which is of the

order of cm (108 the interatomic spacing). This is one of the

problems of Drude’s interpretation of the scattering as collisions

with the immobile ions.

Nevertheless, if one does not interpret the scattering as “bumping

off the ions”, it is possible to use Drude’s model for quantities

that are independent of the scattering time.



The Drude model description of electron dynamics under the 

influence of a time dependent force

At any time, t, the average current density is given by

Ԧ𝑗 = −𝑛𝑒
Ԧ𝑝 𝑡

𝑚

Given that the momentum of an electron at time t is Ԧ𝑝 𝑡 , it has a probability 

𝑑𝑡/𝜏 to undergo a collision during the interval 𝑑𝑡, and a complimentary 

probability, 1 − 𝑑𝑡/𝜏 to have no collision and evolve just by the external force, 

Ԧ𝑓(𝑡), namely at time 𝑡 + 𝑑𝑡 the average momentum due to electrons that do 

not collide is:

Ԧ𝑝 𝑡 + 𝑑𝑡 = 1 −
𝑑𝑡

𝜏
Ԧ𝑝 𝑡 + Ԧ𝑓 𝑡 𝑑𝑡 + 𝑂 𝑑𝑡2

= Ԧ𝑝 𝑡 −
𝑑𝑡

𝜏
Ԧ𝑝 𝑡 + Ԧ𝑓 𝑡 𝑑𝑡 + 𝑂 𝑑𝑡2
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The Drude model description of electron dynamics under the 

influence of a time dependent force

The contribution from electrons that undergo a collision during the time 

interval 𝑑𝑡 is at most

𝑑𝑡

𝜏
⋅ Ԧ𝑓 𝑡 𝑑𝑡

The first term is the fraction of electrons that undergo a collision, and the 

second term is the maximal momentum gained (the momentum gained if the 

collision occurred at the beginning of the interval). The collision itself is 

assumed to result on a zero average momentum because the scattered electron 

has an equal probability for velocity in any direction.

20



The Drude model description of electron dynamics under the 

influence of a time dependent force

Therefore,

Ԧ𝑝 𝑡 + 𝑑𝑡 = Ԧ𝑝 𝑡 −
𝑑𝑡

𝜏
Ԧ𝑝 𝑡 + Ԧ𝑓 𝑡 𝑑𝑡 + 𝑂 𝑑𝑡2

Taking the limit 𝑑𝑡 → 0

lim
𝑑𝑡→0

Ԧ𝑝 𝑡 + 𝑑𝑡 − Ԧ𝑝 𝑡

𝑑𝑡
=

𝑑

𝑑𝑡
Ԧ𝑝(𝑡) = −

1

𝜏
Ԧ𝑝 𝑡 + Ԧ𝑓 𝑡

The formal solution is:

Ԧ𝑝 𝑡 = Ԧ𝑝 0 𝑒−
𝑡
𝜏 +න

0

𝑡
Ԧ𝑓 𝑡′ 𝑒−

𝑡−𝑡′

𝜏 𝑑𝑡′
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The Drude model description of electron dynamics in the presence of 

magnetic field

22

However, he did not detect 

any additional resistance.



The Drude model description of electron dynamics in the presence of 

magnetic field

The force experienced by an electron in magnetic field, the Lorentz 

force, is:

Ԧ𝐹 = −
𝑒

𝑐
Ԧ𝑣 × 𝐻

Ԧ𝑣 is the velocity of the electron, 𝐻 is the external magnetic field and 

c is the speed of light.

In the setup we consider, the magnetic field is in the positive z

direction. The electric field is in the positive x direction which 

implies that the velocity of the electrons is in the negative x

direction.

Ԧ𝐹 = −
𝑒

𝑐
−𝑣𝑥 ො𝑥 × 𝐻 Ƹ𝑧 = −

𝑒

𝑐
𝑣𝑥𝐻 ො𝑦

23



The Drude model description of electron dynamics in the presence of 

magnetic field

The force in the negative y-direction causes the accumulation of 

electrons on that side of the wire. This accumulation results in 

electric field which, in the steady state, balances the magnetic force 

(the electrons cannot leave the wire).

Two quantities of interest are the magnetoresistance:

𝜌 𝐻 =
𝐸𝑥
𝑗𝑥

Which Hall found to be field-independent
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The Drude model description of electron dynamics in the presence of 

magnetic field

The other quantity is the magnitude of the electric field in the y 

direction which is expected to be proportional to both the magnetic 

field and the current density in the x direction (because in steady 

state it balances the Lorentz force). The Hall coefficient is defined as

𝑅𝐻 =
𝐸𝑦

𝑗𝑥𝐻

25



The Drude model description of electron dynamics in the presence of 

magnetic field

 As we mentioned earlier, the electric field that balances the Lorentz 

force is in the negative y direction, therefore 𝐸𝑦 is negative.

 The magnetic field is in the positive z direction and is, therefore, 

positive. 

 The current density in the x direction is positive (the electrons, that 

have negative charge, move in the negative direction).

 So 𝑅𝐻 =
𝐸𝑦

𝑗𝑥𝐻
is expected to be negative for negative charge 

carriers. 
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The Drude model description of electron dynamics in the presence of 

magnetic field

What if the current was due to positive charge carriers?

 The sign of the Lorentz force ( Ԧ𝐹 = −
𝑒

𝑐
𝑣𝑥𝐻 ො𝑦) would remain the same (the 

charge and the velocity change sign), so the sign of 𝐸𝑦 would be the opposite 

(in order to balance the Lorentz force for positive charges the field would be in 

the positive y direction).

 The magnetic field remains in the same direction and so is the sign of H. 

 The current density remains in the same direction because both the charge and 

the velocity change sign. 

 Therefore, the Hall coefficient would be positive for positive charge carriers. 

This enables to verify that the charge carriers are indeed the electrons

27



The Drude model description of electron dynamics in the presence of 

magnetic field

 Hall’s original data agreed with the sign of the electron charge (which was 

later verified by Thomson).

 However, several metals showed positive Hall coefficients which Drude’s 

model cannot explain.

In order to calculate the magnetoresistance and the Hall coefficient we go back to 

the equation of motion

𝑑

𝑑𝑡
Ԧ𝑝 𝑡 = −

1

𝜏
Ԧ𝑝 𝑡 − 𝑒 𝐸 +

1

𝑐

Ԧ𝑝 𝑡

𝑚𝑒
× 𝐻
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The Drude model description of electron dynamics in the presence of 

magnetic field

In the steady state the current (and the momenta) components are independent of 

time and, therefore,

𝑑𝑝𝑥
𝑑𝑡

= 0 = −
𝑝𝑥
𝜏
− 𝑒𝐸𝑥 −

𝑒𝐻

𝑚𝑒𝑐
𝑝𝑦

𝑑𝑝𝑦

𝑑𝑡
= 0 = −

𝑝𝑦

𝜏
− 𝑒𝐸𝑦 +

𝑒𝐻

𝑚𝑒𝑐
𝑝𝑥

It is convenient to define the cyclotron frequency 𝜔𝑐 = 𝑒𝐻/𝑚𝑒𝑐, which is the 

frequency with which an electron rotates in the plane perpendicular to a uniform 

magnetic field.

We multiply the equations by −𝑛𝑒𝜏/𝑚𝑒

𝜎0𝐸𝑥 = 𝑗𝑥 + 𝑗𝑦𝜏𝜔𝑐

𝜎0𝐸𝑦 = 𝑗𝑦 − 𝑗𝑥𝜏𝜔𝑐
𝜎0 =

𝑛𝑒2𝜏

𝑚𝑒
29



The Drude model description of electron dynamics in the presence of 

magnetic field

 In steady state the current in the y direction should be zero:

𝜎0𝐸𝑥 = 𝑗𝑥 + 𝑗𝑦𝜏𝜔𝑐 ⇒ 𝜎0𝐸𝑥 = 𝑗𝑥

𝜎0𝐸𝑦 = 𝑗𝑦 − 𝑗𝑥𝜏𝜔𝑐 ⇒ 𝐸𝑦 = −
𝑗𝑥𝜏𝜔𝑐

𝜎0
= −

𝐻

𝑛𝑒𝑐
𝑗𝑥

So the Hall coefficient is:

𝑅𝐻 =
𝐸𝑦

𝑗𝑥𝐻
= −

1

𝑛𝑒𝑐

 Interestingly, the result is independent of the field, temperature (in Drude’s 

picture) and other factors and it only depends on the density of the atoms in the 

metal! 

 Note that the magnetoresistance is simply the regular resistance. In agreement 

with Hall’s original results.
*the units of the Hall coefficient are:𝑐𝑚2𝑠/𝐶

30

𝜔𝑐

𝜎0
=

𝑒𝐻
𝑚𝑒𝑐

𝑛𝑒2𝜏
𝑚𝑒



The Drude model description of electron dynamics in the presence of 

magnetic field

However, Drude’s model cannot explain:

 The positive Hall coefficient observed for some metals.

 The later observed dependence of the Hall coefficient on the 

temperature, magnetic field and the care by which the conducting 

sample was prepared.

 The additional magnetoresistance that was observed in later 

experiments.

Note that 
𝐸𝑦

𝐸𝑥
= −𝜏𝜔𝑐 while the current density is in the x direction.

Therefore the angle between the current density and the electric field is 

given by → tan 𝜙 = 𝜏𝜔𝑐
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The Drude model description of electron dynamics in AC field

In order to evaluate the response to AC field we start by considering the 

Fourier transform of the equation of motion

𝑑

𝑑𝑡
Ԧ𝑝 𝑡 = −

1

𝜏
Ԧ𝑝 𝑡 − 𝑒𝐸 → −𝑖𝜔 ෨Ԧ𝑝 𝜔 = −

෨Ԧ𝑝 𝜔

𝜏
− 𝑒 ෨𝐸 𝜔 → ෨Ԧ𝑝 𝜔

= −
𝑒 ෨𝐸 𝜔
1

𝜏
−𝑖𝜔

The current density is related to the momentum through

Ԧ𝑗 = −𝑛𝑒
Ԧ𝑝

𝑚𝑒
→ ሚԦ𝑗 𝜔 = 𝜎0

෨𝐸 𝜔

1 − 𝑖𝜔𝜏
= 𝜎(𝜔) ෨𝐸 𝜔

Note that in the DC limit one gets the correct limit.

Can we use this result to describe the propagation of radiation (EM field) in 

a metal?
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The Drude model description of electron dynamics in AC field

We made two assumption: 

i) We neglected the magnetic field. However, the neglected 

Lorentz force has a factor of 𝑣/𝑐 compared with the electric 

field force. The speed of electrons in a metal, even for relatively 

strong current densities, is of the order of cm/s so it’s orders of 

magnitude smaller than the force due to the electric field.
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The Drude model description of electron dynamics in AC field

ii) We assumed that the force acting on each electron is the same. 

However, the field spatially varies within the metal (because it’s a 

wave). 

This suggests that our treatment would be relevant for radiation 

with wavelengths that are much larger than the typical mean free 

path of the electrons (thereby varying only slightly during the 

motion between collisions) and we may write 

ሚԦ𝑗 𝜔, Ԧ𝑟 = 𝜎(𝜔) ෨𝐸 𝜔, Ԧ𝑟

Note that for visible light, whose wavelength is 400

− 700𝑛𝑚 (4000 − 7000Å), the condition is usually satisfied.
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The Drude model description of electron dynamics in AC field

Assuming that the description above is valid, we write the Maxwell 

equations in the presence of a current density Ԧ𝑗 as

𝛻 ⋅ 𝐸 = 0; 𝛻 ⋅ 𝐻 = 0;

𝛻 × 𝐸 = −
1

𝑐

𝜕𝐻

𝜕𝑡
; 𝛻 × 𝐻 =

4𝜋

𝑐
Ԧ𝑗 +

1

𝑐

𝜕𝐸

𝜕𝑡

Using the relation we found between the electric field and the current density 

we rewrite it as

𝛻 × ෨𝐸 = 𝑖
𝜔

𝑐
෩𝐻;𝛻 × ෩𝐻 =

4𝜋

𝑐
ሚԦ𝑗 − 𝑖

𝜔

𝑐
෨𝐸

Considering the Fourier transform with respect to time we obtain for the 

latter equations

𝛻 × ෨𝐸 𝜔 = 𝑖
𝜔

𝑐
෩𝐻 𝜔 ;𝛻 × ෩𝐻 =

4𝜋

𝑐
𝜎 𝜔 − 𝑖

𝜔

𝑐
෨𝐸 𝜔
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The Drude model description of electron dynamics in AC field

Taking the curl of the first equation and substituting the second one, we find

𝛻 × 𝛻 × ෨𝐸 𝜔 = −𝛻2 ෨𝐸 𝜔 = 𝑖
𝜔

𝑐
𝛻 × ෩𝐻 𝜔 = 𝑖

𝜔

𝑐

4𝜋

𝑐
𝜎 𝜔 − 𝑖

𝜔

𝑐
෨𝐸 𝜔

−𝛻2 ෨𝐸 𝜔 = 𝑖
𝜔

𝑐

4𝜋

𝑐
𝜎 𝜔 − 𝑖

𝜔

𝑐
෨𝐸 𝜔 =

𝜔2

𝑐2
1 + 𝑖

4𝜋

𝜔
𝜎 𝜔 ෨𝐸 𝜔

≡
𝜔2

𝑐2
𝜖(𝜔) ෨𝐸 𝜔

Where we used the identity 𝛻 × 𝛻 × 𝐸 = 𝛻 𝛻 ⋅ 𝐸 − 𝛻2𝐸 = −𝛻2𝐸. 

We also defined the complex dielectric constant 

𝜖 𝜔 = 1 + 𝑖
4𝜋

𝜔
𝜎 𝜔
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The Drude model description of electron dynamics in AC field

Substituting explicitly the expression for 𝜎 𝜔

𝜖 𝜔 = 1 + 𝑖
4𝜋

𝜔

𝜎0
1 − 𝑖𝜔𝜏

For 𝜔𝜏 ≫ 1

𝜖 𝜔 = 1 −
4𝜋

𝜔2

𝜎0
𝜏

= 1 −
𝜔𝑝
2

𝜔2

Where 𝜔𝑝
2 ≡

4𝜋𝑛𝑒2

𝑚𝑒
is called the plasma frequency.
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The Drude model description of electron dynamics in AC field

Considering the spatial Fourier transform to the wave equation we may write 

the dispersion relation as

𝑘2 =
𝜔2

𝑐2
𝜖 𝜔 ∼

𝜔2

𝑐2
1 −

𝜔𝑝
2

𝜔2

For 𝜔 < 𝜔𝑝 the RHS is negative and, therefore, k is imaginary which 

implies an exponential decay of the wave inside the metal. 

However, for 𝜔 > 𝜔𝑝, k is real and the wave may propagate through the 

metal without decaying. 
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The Drude model description of charge density oscillations

In our previous derivation we assumed that there is no charge density in the metal. 

However, under certain conditions there is a possibility for charge oscillations in 

the metal.

𝛻 ⋅ 𝐸 = 4𝜋𝜌 𝐺𝑎𝑢𝑠𝑠′𝑠 𝑙𝑎𝑤

𝛻 ⋅ Ԧ𝑗 = −
𝜕𝜌

𝜕𝑡
𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

Taking the Fourier transform with respect to time we write the equations as

𝛻 ⋅ ෨𝐸(𝜔) = 4𝜋 𝜌(𝜔) 𝐺𝑎𝑢𝑠𝑠′𝑠 𝑙𝑎𝑤

𝛻 ⋅ ሚԦ𝑗 = 𝑖𝜔 𝜌(𝜔) 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

Using ǁ𝑗 𝜔 = 𝜎 𝜔 ෨𝐸(𝜔) we rewrite the continuity equation as

𝛻 ⋅ ෨𝐸 𝜔 =
𝑖𝜔 𝜌 𝜔

𝜎 𝜔
𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛
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The Drude model description of charge density oscillations

Combining the two equations we find

4𝜋 𝜌 𝜔 =
𝑖𝜔 𝜌 𝜔

𝜎 𝜔

Which has a solution with non-zero charge density only for 

1 + 𝑖
4𝜋𝜎 𝜔

𝜔
= 0

This is exactly the case for which 𝜖 𝜔 = 1 + 𝑖
4𝜋

𝜔
𝜎 𝜔 = 0

(for positive 𝜖 𝜔 EM waves can propagate in the metal -- k is real) . 

If the condition is satisfied by the frequency then a charge density can propagates 

through the metal. This is known as plasma oscillations or Plasmon.
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The Drude model description of charge density oscillations

If we have an initial displacement of the electron gas with respect to the background of ions 

by a distance d, the charge at the edges will result in an electric field 4𝜋𝜌𝑒𝑑𝑔𝑒 where 𝜌𝑒𝑑𝑔𝑒

= 𝑛𝑑𝑒 is the charge density at either end.  The electron gas dynamics in this case may be 

described by 

𝑁𝑚𝑒
ሷ𝑑 = −𝑁𝑒 4𝜋𝑛𝑒𝑑 → ሷ𝑑 = −𝜔𝑝

2𝑑

Namely the charge density would oscillate with the plasma frequency. 
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