
 The prediction of a linear dependence of the specific heat on the 

temperature is one of the most important results of the Sommerfeld model. 

 It makes it possible to measure it if the contribution of other degrees of 

freedom are negligible compared with the electronic contribution.

 At high temperatures the ionic degrees of freedom completely dominate 

the specific heat but at low temperatures their contribution becomes 

smaller than the electronic one.

 The general form of the specific heat is

𝑐𝑣 = 𝛾𝑇 + 𝐴𝑇3

And therefore it is common to look at

𝑐𝑣
𝑇
= 𝛾 + 𝐴𝑇2

The constant volume heat capacity
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 In order to find the response of the electrons to electric field one has to 

calculate their velocity.

 The Fermi Dirac distribution can be written in terms of the velocity as:

𝑓𝐹𝐷 Ԧ𝑣 =
𝑚/ℏ 3

4𝜋3
1

1 + 𝑒
1
2𝑚𝑣2−𝜇 𝑘𝐵𝑇

 Sommerfeld described the dynamics using classical equation only 

replacing the Boltzmann distribution by the Fermi Dirac one.

 In order to justify this treatment, there are several conditions and 

assumptions that have to be made.

Sommerfeld conductivity
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 The typical momentum of an electron is ℏ𝑘𝐹 and in order to allow for a 

classical description the uncertainty in its momentum must be much 

smaller than the typical momentum, i.e., Δ𝑝 ≪ ℏ𝑘𝐹.

 The uncertainty in the position is Δ𝑥 ∼
ℏ

Δ𝑝
≫ 1/𝑘𝐹.

 Earlier we showed that 𝑘𝐹 =
3.63

𝑟𝑠/𝑟0
Å−1 so the uncertainty in the position is 

of the order the interatomic distance.

 Therefore, the classical description is only valid for distances much larger 

than the inter atomic distances, which luckily, are the relevant distances 

for conducting electrons in metals.

Sommerfeld conductivity
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 The classical description requires the knowledge of the position for two 

reasons:

1. Varying EM field or temperature gradient. In most cases the variation is 

considerable only over larger scales, for instance the EM field of visible 

light varies over the scale of its wavelength which is of the order of 

103Å. For the effect of X-ray on the electrons we would need a QM 

description of the dynamics.

2. The mean free path, the typical distance the electron travels between 

successive scatterings should be much larger than tens of Å.

Sommerfeld conductivity

4



 The use of the Fermi Dirac distribution only affects quantities requiring 

knowledge of the velocity probability distribution. If we assume that the 

scattering time (the time between successive scattering events), 𝜏, is 

independent of the electron velocity, then only the mean free path, thermal 

conductivity and thermopower are affected.

 Mean free path: 

𝑙 = 𝑣𝐹𝜏 ∼ 10−14𝑠 ⋅
4.2

𝑟𝑠
𝑟0

108
𝑐𝑚

𝑠
∼ 𝑂(100Å)

 Thermal conductivity:

𝜅 =
1

3
𝑣𝐹
2𝜏𝑐𝑣

We replaced the thermal velocity by Fermi velocity and use the correct 𝑐𝑣 to 

get the Weidman-Franz relation

Sommerfeld conductivity
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 Thermal and electric conductivities:

𝜎 = 𝑛𝑒2𝜏/𝑚𝑒

𝑣𝐹
2 =

2휀𝐹
𝑚𝑒

𝑐𝑣 =
𝜋2

2

𝑘𝐵𝑇

휀𝐹
𝑛𝑘𝐵

𝜅 =
1

3
𝑣𝐹
2𝜏𝑐𝑣 =

1

3

2휀𝐹
𝑚𝑒

𝜏
𝜋2

2

𝑘𝐵𝑇

휀𝐹
𝑛𝑘𝐵 =

𝜋2

3

1

𝑚𝑒
𝜏𝑘𝐵

2𝑇𝑛

𝜅

𝜎𝑇
=
𝜋2

3

𝑘𝐵
𝑒

2

= 2.44 ⋅ 10−8𝑤𝑎𝑡𝑡 ⋅ 𝑜ℎ𝑚/𝐾2

Very close to Drude’s result (except for the factor of 2) in which two errors 

cancelled in the calculation of the ratio.

Sommerfeld conductivity
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 Thermopower:

𝑄 = −
𝑐𝑣
3𝑛𝑒

= −

𝜋2

2
𝑘𝐵𝑇
휀𝐹

𝑛𝑘𝐵

3𝑛𝑒
= −

𝜋2

6

𝑘𝐵
𝑒

𝑘𝐵𝑇

휀𝐹
= −1.42 ⋅ 10−4

𝑘𝐵𝑇

휀𝐹
𝑉𝑜𝑙𝑡/𝐾

Which is smaller than Drude’s estimate by a factor of ∼ 0.01 at room temperatures.

 The electric AC and DC conductivities are unchanged because the dynamics of 

the electrons is considered classically and the velocity distribution has no role if 

one assumes scattering which is energy independent.

 One may consider the fact that since the ions are fixed, faster electrons have a 

shorter scattering time (Lorentz). However, this correction has a little effect in the 

Sommerfeld model because the replacement of the scattering time by the 

scattering time of electrons with Fermi energy dominates the response.

Sommerfeld conductivity
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The free electron theory, especially the Sommerfeld model, accounts for many 

properties of metals but there are several phenomena that cannot be explained using 

the Drude or Sommerfeld models.

 Hall coefficient: The Hall coefficient predicted by the free electron models is 

independent of the temperature and the strength of the magnetic field. 

Experiments show that in certain cases the dependence is quite strong and even 

the sign can be different for very strong magnetic field. 𝑅𝐻 = −1/𝑛𝑒𝑐.

 Magnetoresistance: The observed magnetoresistance depends on the field and the 

free electron models do not explain it. 𝜎0𝐸𝑥 = 𝑗𝑥.

 Thermoelectric effect: The sign of the thermoelectric field is not always what 

predicted by the models 𝑄 = −
𝑐𝑣

3𝑛𝑒
.

 Wiedemann-Franz law: Only valid at high and low temperatures but fails at 

intermediate temperatures (𝜅/𝜎𝑇 depends on the temperature).

Failures of the “free electron” theory
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 Conductivity: The dependence of the DC conductivity on the temperature and its 

anisotropy are not explained. The measured frequency dependence of the 

conductivity is very different from the predicted dependence.

 Specific heat: The magnitude of the term linear in T is very different from the 

predicted one in some metals and the theory does not explain the 𝑇3 term.

In order to overcome these failures the following assumptions have to be modified:

 Free electrons: The models do not account for the interaction of the electrons 

with the ions except for scattering.

 Independent electrons: The models do not account for the electron interactions 

with each other.

 Relaxation time: The models assumed that the relaxation time is independent of 

the electronic configuration.

Failures of the “free electron” theory
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Crystal lattice
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What is a crystalline material?

 Regular lattice of atoms

 Each atom consists of a positively charged nucleus and 

surrounding negatively charged electron

 Electrons are “spinning”—they act like tiny bar magnets

 Electrons are distributed in space (characterized by the 

orbitals or by the Fermi sea of electrons)

 Electrons in neighboring atoms interact and form 

patterns
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Crystallography- Origins in geology

 The atomic theory of atoms has long been proposed to explain sharp angles and flat 

planes (“facets”) of naturally occurring crystals.

 Types of different crystal structures were categorized, and formed the foundation of 

the field of crystallography.

 In 1848, French physicist (and crystallographer and applied mathematician), AB, 

demonstrated that there were only 7 “types” of crystals, embodying 14 distinct 

“symmetries”.

 This work was verified and greatly expanded upon in the 20th century with the 

advent of x-ray diffraction. (e.g. work W. Henry and W. Lawrence Bragg, 1913)

Auguste Bravais

1811-1863
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Bravais lattice

 A Bravais lattice is a mathematical construct, designed to describe the 

underlying periodicity of a crystal.

 There are two completely equivalent definitions:

1. A Bravais lattice is a set of all points in space with position vectors, 𝑅, of 

the form 𝑅 = 𝑛1 Ԧ𝑎1 + 𝑛2 Ԧ𝑎2+𝑛3 Ԧ𝑎3 where Ԧ𝑎1, Ԧ𝑎2, and Ԧ𝑎3 are any three 

independent vectors (not all in the same plane; they are called the primitive 

vectors), and 𝑛𝑖 ∈ 𝑍. (in 2D three→two).

2. A Bravais lattice is an infinite array of discrete points with an arrangement 

and orientation which looks exactly the same at each point.

 NB- Definition 2 is handy for first impressions, but definition 1 will form the 

foundation for our mathematical treatment.
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Properties of a Bravais lattice

 Seemingly general, there is actually a finite set of possible Bravais

lattices (5 in 2D, 14 in 3D), determined by the underlying symmetries 

(more on this later).

 Quick inspection shows that not every lattice is a Bravais lattice! A 

good counterexample is the common honeycomb.

 The vertices are identical from points P and Q but are rotated (180∘) 

relative to point R.

14



Primitive vectors and unit cells

 If one is looking at a Bravais lattice, it is possible to describe all points using 

the position vector 𝑅 = 𝑛1 Ԧ𝑎1 + 𝑛2 Ԧ𝑎2+𝑛3 Ԧ𝑎3. Here, the vectors Ԧ𝑎𝑖 are known as 

primitive lattice vectors and the integers 𝑛𝑖 are known as lattice indices.

 In general, the repeating volume (or area in 2D) in a crystal is known as the 

unit cell. For a Bravais lattice, the primitive lattice vectors span the smallest 

possible volume, and the resulting unit cell is called the primitive unit cell.

 Neither primitive basis vectors nor the primitive unit cells are unique!
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Properties of primitive unit cells
 If every atom is described by 𝑅 = 𝑛1 Ԧ𝑎1 + 𝑛2 Ԧ𝑎2+𝑛3 Ԧ𝑎3, 

then one can show that every primitive cell has exactly 

one lattice point.

 It follows that every primitive cell has exactly the same 

volume: v = 1/n, where n is the point density.

 One can always find a primitive cell by considering 

parallelepiped spanned by primitive basis vectors.

 Another common choice is the Wigner-Seitz cell, 

created by bisecting the lines connecting a lattice point 

with its nearest neighbors.

• Most symmetric cell, and volume closest to 

lattice point
20



A primitive cell can also be chosen in 1D, 2D, 

or 3D as a Wigner-Seitz primitive cell. 
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Example: The triangle (hexagonal) lattice 

𝑅 = 𝑛1 Ԧ𝑎1 + 𝑛2 Ԧ𝑎2

Ԧ𝑎1 = 𝑎ො𝑥

Ԧ𝑎2 =
𝑎

2
ො𝑥 +

3

2
𝑎 ො𝑦

Note that Ԧ𝑎2 = Ԧ𝑎1
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3D Example: The simple cubic lattice

𝑅 = 𝑛1 Ԧ𝑎1 + 𝑛2 Ԧ𝑎2 + 𝑛3 Ԧ𝑎3

Ԧ𝑎1 = 𝑎ො𝑥

Ԧ𝑎2 = 𝑎ො𝑦

Ԧ𝑎3 = 𝑎 Ƹ𝑧
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Lattice with a basis
 A Bravais lattice is a mathematical abstraction. To describe a real 

crystal lattice, one needs to dress the Bravais lattice with either a single 

atom, or a set of atoms. This repeating set of atoms is called the basis.

 The vectors describing the positions of atoms in a basis, { Ԧ𝑟𝑖}, are called 

basis vectors, and are conventionally presented in terms of fractional 

steps along the lattice vectors.
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Lattice with a basis
 The use of basis allows one to

 Use the same Bravais lattice framework to describe non-Bravais

lattices

 To simplify discussion of complex Bravais lattice through use of 

larger conventional unit cells, with orthonormal lattice vectors

 To describe crystals containing more than one atom type.
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The crystal structure is formed

by the addition of the basis (b) to

every lattice point of the space

lattice (a). By looking at (c), it’s

possible to recognize the basis

and then one can extract the

space lattice. Note that it doesn’t

matter where the basis is put in

relation to a lattice point.

Basis: Composed of at least one atom

Lattice + Basis  Crystal Structure
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Example: The honeycomb, using a basis

 Though the honeycomb is clearly not a Bravais lattice, we can still 

describe it as a triangle lattice (which is Bravais) , using a two atom 

basis 
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The reciprocal lattice

 The periodicity of the lattice affects many of its properties.

 Including the conductivity, the density of the electrons, the 

scattering of EM radiation and others.

 Fourier series is a convenient way to describe periodic 

functions.

 Therefore, we define the reciprocal lattice which is in fact 

the Fourier series corresponding to the Bravais lattice.
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The reciprocal lattice

 Consider all the points 𝑅 that constitute a Bravais lattice and 

a plane wave 𝑒𝑖𝑘⋅𝑅. For a general wavevector the periodicity 

is different from that of the Bravais lattice.

 The set of all wavevectors, 𝐾, that yield plane waves with 

the same periodicity of a given Bravais lattice is known as 

its reciprocal lattice.

 Mathematically we may write this condition as

𝑒𝑖 𝐾⋅ 𝑅+ Ԧ𝑟 = 𝑒𝑖 𝐾⋅ Ԧ𝑟 → 𝑒𝑖 𝐾⋅𝑅 = 1

For all the vectors 𝑅 denoting the position of the cells (bases) in 

a Bravais lattice. The reciprocal lattice is also a Bravais lattice.
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The reciprocal lattice
 If Ԧ𝑎1, Ԧ𝑎2, Ԧ𝑎3 are the primitive vectors of a Bravais lattice, the following 

vectors are the primitive vectors of its reciprocal lattice

𝑏1 = 2𝜋
Ԧ𝑎2 × Ԧ𝑎3

Ԧ𝑎1 ⋅ Ԧ𝑎2 × Ԧ𝑎3

𝑏2 = 2𝜋
Ԧ𝑎3 × Ԧ𝑎1

Ԧ𝑎1 ⋅ Ԧ𝑎2 × Ԧ𝑎3

𝑏3 = 2𝜋
Ԧ𝑎1 × Ԧ𝑎2

Ԧ𝑎1 ⋅ Ԧ𝑎2 × Ԧ𝑎3

 The set of 𝑏 vectors satisfies

𝑏𝑖 ⋅ Ԧ𝑎𝑗 = 2𝜋𝛿𝑖𝑗

 Any vector 𝑘 can be written as a linear combination of the 𝑏 vectors

𝑘 = 𝑘1𝑏1 + 𝑘2𝑏2 + 𝑘3𝑏3 42



The reciprocal lattice

 If 𝑅 is any vector on the Bravais lattice it implies that

𝑅 = 𝑛1 Ԧ𝑎1 + 𝑛2 Ԧ𝑎2 + 𝑛3 Ԧ𝑎3

With 𝑛𝑖 ∈ ℤ. It follows that

𝑘 ⋅ 𝑅 = 2𝜋(𝑘1𝑛1 + 𝑘2𝑛2 + 𝑘3𝑛3)

For 𝑒𝑖 𝑘⋅𝑅 to be 1 for any 𝑅 the product above has to be an 

integer multiple of 2𝜋 and this implies that the reciprocal lattice 

vectors can be written as

𝐾 = 𝑘1𝑏1 + 𝑘2𝑏2 + 𝑘3𝑏3

With 𝑘𝑖 ∈ ℤ
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Example, the simple cubic lattice

 The primitive vectors are:

Ԧ𝑎1 = 𝑎ො𝑥; Ԧ𝑎2 = 𝑎ො𝑦; Ԧ𝑎3 = 𝑎 Ƹ𝑧

The primitive vectors of the reciprocal lattice are:

𝑏1 =
2𝜋

𝑎

ො𝑦 × Ƹ𝑧

ො𝑥 ⋅ ො𝑦 × Ƹ𝑧
=
2𝜋

𝑎
ො𝑥

𝑏2 =
2𝜋

𝑎

Ƹ𝑧 × ො𝑥

ො𝑥 ⋅ ො𝑦 × Ƹ𝑧
=
2𝜋

𝑎
ො𝑦

𝑏3 =
2𝜋

𝑎

ො𝑥 × ො𝑦

ො𝑥 ⋅ ො𝑦 × Ƹ𝑧
=
2𝜋

𝑎
Ƹ𝑧

The reciprocal lattice of the simple cubic lattice with a cell 

side, 𝑎 is another simple cubic lattice with a cell side 2𝜋/𝑎.
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Reciprocal lattice

 If the volume of the primitive cell in the lattice is 𝑉, the volume 

of the primitive cell in the reciprocal lattice is 2𝜋 3/𝑉.

 The Wigner-Seitz cell of the reciprocal lattice is called the first 

Brillouin zone.
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1st Brillouin Zone: Wigner-Seitz primitive cell in the 

reciprocal lattice.

Brillouin Zone Construction in 2D

47

Draw lines connecting the nearest 

reciprocal lattice points from the origin 

O. Draw perpendicular bisectors along 

each of these lines. The enclosed region 

formed by the bisectors is a Wigner-

Seitz primitive cell which is the 1st

Brillouin zone in the reciprocal lattice.



Brillouin Zone Construction in 1D

48

2b = 4/a

-2b 2b

2

a

2

a




2nd Brillouin Zone (BZ)



Brillouin zone construction for the 1st and higher order zones.
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Note that higher order Brillouin Zones 

(BZ’s) are constructed in a similar fashion 

by drawing perpendicular bisectors to the 

next set of lattice points lying further from 

the origin. The nth BZ can be defined as the 

set of points that can be reached from the 

origin by crossing n - 1 planes, but no 

fewer.  A 𝑘-point is in the nth Brillouin zone 

if there are exactly n-1 reciprocal lattice 

points for which 𝑘 ≥ 𝑘 − Ԧ𝐺

Shown in color

Higher order Brillouin Zones
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Diffraction by crystals

 In order to detect the atomic structure of a crystal using EM 

radiation, the EM waves should have a wavelength which is at least 

as short as the interatomic distance.

 The typical interatomic distance is of the order of an angstrom, 

10−8𝑐𝑚.

 The EM radiation with this wavelength is the X-ray radiation.

 The typical energy associated with these waves is 

ℏ𝜔 = ℎ𝜈 =
ℎ𝑐

𝜆
=

ℎ𝑐

10−8𝑐𝑚
≈ 1.23 × 104𝑒𝑉

 In what follows we will discuss the scattering of x-ray radiation by 

immobilized ions.
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Diffraction by crystals*

 In 1913, Bragg found that crystalline materials produced a 

remarkable characteristics/patterns of reflected x-rays, unlike 

liquids.

 Bragg accounted for the sharp peaks that appeared in the pattern of 

reflected x-rays (for certain combinations of incidence angle and 

wavelength) by regarding the lattice as made out of parallel planes 

of ions.

 The conditions for the appearance of sharp peaks are: 1) the x-rays 

should be specularly reflected (i.e., the incidence angle is equal to 

the reflection angle); and 2) the reflected waves from successive 

planes should interfere constructively.
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Diffraction of waves by a crystal

d

 



dsin

Planes of atoms in a crystal with a 

distance d between planes

Collimated (parallel) x-ray or neutron beam

Constructive interference of the radiation from

successive planes occurs when the p.d. is

equal to an integral number n of wavelengths:

2𝑑𝑠𝑖𝑛𝜃 = 𝑛𝜆
which is Bragg’s law. Bragg reflection can

occur only for   2d. Note that n gives the

“order” of the diffraction such that n =1, 2,

and 3 are referred to as first, second and third

order diffraction, respectively.
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According to the 2θ deviation, the phase shift

due to the path difference (p.d.) causes

constructive interference (left figure where the

p.d. = 2) or destructive interference (right

figure where the p.d. = 1.5 ).



Diffraction by crystals (Laue condition) 

 It is possible to analyze the diffraction using the reciprocal lattice vectors 

rather than the successive scattering from parallel planes.

 First, consider the scattering of waves from two points

 Ԧ𝑑 is the vector connecting the two points. 𝑘 and 𝑘′ are the wavevectors of 

the incident and reflected waves, respectively; and ො𝑛 and ො𝑛′ are unit 

vectors in the directions of 𝑘 and 𝑘′, respectively. 59



Diffraction by crystals

 From the figure it is obvious that the path difference between the rays 

scattered from the two points is

𝑑𝑐𝑜𝑠𝜃 + 𝑑𝑐𝑜𝑠𝜃′ = Ԧ𝑑 ⋅ (ො𝑛 − ො𝑛′)

By definition, 𝑘 =
2𝜋

𝜆
ො𝑛 and 𝑘′ =

2𝜋

𝜆
ො𝑛′ so we may write the condition for 

constructive interference as

Ԧ𝑑 ⋅ 𝑘 − 𝑘′ = 2𝜋𝑚 𝑤ℎ𝑒𝑟𝑒 𝑚 ∈ ℤ
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Diffraction by crystals

 Next, we consider the scattering by all the lattice points (not only two 

points).

 The condition for constructive interference becomes

𝑅 ⋅ 𝑘 − 𝑘′ = 2𝜋𝑚 𝑚 ∈ ℤ 𝑎𝑛𝑑 𝑅 𝑎𝑛𝑦 𝐵𝑟𝑎𝑣𝑎𝑖𝑠 𝑙𝑎𝑡𝑡𝑖𝑐𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

 Alternatively, we may write this condition as:

𝑒𝑖 𝑅⋅ 𝑘−𝑘
′
= 1

 Comparing this condition with the definition of the reciprocal lattice we 

find that the condition for constructive interference is that the change in 

the wavevector of scattered radiation is equal to a vector of the reciprocal 

lattice.

 Bragg condition and Laue condition are equivalent.
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Diffraction by crystals

 It is important to note that in our analysis we assumed that the 

wavelengths of the incident and scattered radiation are the same. Namely, 

the energy of the photon is conserved, or the scattering is elastic. This is 

true for most of the scattered radiation as only a small fraction of the 

radiation is scattered in-elastically.

 In a lattice with a basis, the radiation scattered by different atoms in the 

basis may have some phase difference which can reduce the intensity of 

the Bragg peaks. This effect is accounted for by the Geometric factor (not 

discussed here).
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