
R(r) and P(r) for the three 

lowest-lying energies of the H-

atom.

Probability density functions

= probability of finding an 

electron within a slice of 

width dr about the radial 

distance r

2 2( ) ( )nP r dr R r r dr

Number of radial nodes

= 𝒏 − 𝒍 − 𝟏

1s

2s

2p

3s

3p 3d

1s

2p

2s

3s
3p

3d

Maximum 

probability

a0 = 0.53 Å

1



Compare radial probability: 

 On average, the electron is found at a 

greater distance from the nucleus in the 

sequence 

1s < 2s < 3s, consistent with their relative 

energies.

The average is about the same for 3s, 3p, and 

3d.

 However, for the same n but different l, an 

s-electron has a greater chance of being 

very close to the nucleus than does a p-

electron, which in turn is morel likely to be 

closer to the nucleus than a d-electron.
3s

3p

3d

2



Nodes in orbitals: s orbitals

1s  zero nodes

2s  one node

3s  two nodes

Number of 

radial nodes 

= n - ℓ - 1

Cross-sectional plots of 
2

( )ns r

3



We can express the spherical harmonics in terms of the coordinates x, y, and z 
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sin sin
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Since the spherical harmonics are an orthonormal set, we create a sum and 

difference which also form an orthonormal basis 𝑝𝑥, 𝑝𝑦 , and 𝑝𝑧.

This set can also be plotted for  
, ,

2

21( ) , .
x y zpR r Y Const  

When x = 0 (yz - plane), px  0

When y = 0 (xz - plane), py  0

When z = 0 (xy - plane), pz  0

Planes in which px, py, or pz  0 are called nodal planes.
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Nodes in orbitals: 2p orbitals: 

angular node that passes through the nucleus.

The 2p orbital is “dumb-bell” shaped.

Important: the + and - that is shown for a p orbital refers to the 

mathematical sign of the wavefunction, not electric charge.

The plots are created by showing surfaces of 

Plots of orbitals 2px, 2py, and 2pz   

 
, ,

2

21( ) , .
x y zpR r Y Const  
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2py

2pz
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The five d-orbitals of the Hydrogen atom

6

Dark versus light shades 

on the surfaces indicate 

different signs of the 

angular part of the  

wavefunctions, Yd (,). 

Nodal planes are shown.
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Because of the exponential form of the  dependence, the absolute square |Yℓ,m|2 is a function of 

θ only. A polar plot of |Yℓ,m|2 versus θ can give us some insight into the connection between 

spherical harmonics, the spatial distribution of the probability density, and the angular 

momentum of the electron. The figure shows polar plots of |Y2,0|
2, |Y2,1|

2 , and |Y2,2|
2 . Each of 

these functions represents an electron with the same value of L2 , but the values of Lz are 0, ħ

and 2ħ, respectively. As Lz increases, the probability density shifts from θ = 0 (the z-axis) 

towards θ = 90°. For a given value of r, an orbit in the x-y plane (θ = 90°) must correspond to 

the greatest value of Lz, classically as well as quantum mechanically. An electron localized near 

θ = 0 is of course localized on (or very close to) the z-axis and must have Lz = 0 for |Y2,0|
2.

Using Polar Plots to visualize probability densities associated with |Yℓ,m|2

|Y2,0|
2

z z

x x x

θ

θ

θ

z

|Y2,1|
2 |Y2,2|

2

Polar Plots of |Y2,m|2 as a function of θ

7



Example: ℓ = 2:

Only certain orientations of  

L are possible. This is called 

space quantization.

Magnetic Quantum Number mℓ

The eigenvalues for 𝑌𝑙,𝑚𝑙
specify that 𝑚𝑙 is an integer 

and is related to the z component of L:

9

Lz

Lx

Ly

Moreover, (except when ℓ = 0) we just don’t know Lx and Ly!

As we observed, the uncertainty in these components are

.
2

x y zL L L  



 In 1896, the Dutch physicist Pieter Zeeman 

showed that spectral lines emitted by atoms 

in a magnetic field split into multiple energy 

levels, called the Zeeman effect.

 Consider the atom to behave like a small magnet.

 Consider the classical example of an electron orbiting as a circular 

current about the proton: 

𝐼 = 𝑑𝑞/𝑑𝑡. If the period is 𝑇 = 2𝜋𝑟/𝑣,  then  𝐼 = −
𝑒

𝑇
= −𝑒𝑣/(2𝜋𝑟)

The current loop has a magnetic moment 

𝜇 = 𝐼𝐴 = −
𝑒𝑣

2𝜋𝑟
𝜋𝑟2 = −

𝑒𝑝𝑟

2𝑚
= −

𝑒

2𝑚
𝐿

where 𝐿 = 𝑟𝑝 = 𝑚𝑣𝑟 is the magnitude of the orbital angular 

momentum.

In general, Ԧ𝜇 = −
𝑒

2𝑚
𝐿

Magnetic moment (classical picture)
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Lectures in Physics,  summer  2008/09

The orbital magnetic dipole moment is related to the angular momentum:

Ԧ𝜇𝑜𝑟𝑏 = −
𝑒

2𝑚𝑒
𝐿

The complete vectors Ԧ𝜇𝑜𝑟𝑏 and 𝐿 are not directly measurable but we can 

measure their components along a given axis, say the z-axis.

We can measure, for example, the z-components of orbital magnetic dipole 

moment and angular momentum vector along the axis that is given by the 

direction of the magnetic field 𝐵.

The component 𝜇𝑜𝑟𝑏,𝑧 is quantized and given by:

𝜇𝑜𝑟𝑏,𝑧 = −
𝑒

2𝑚𝑒
𝐿𝑧 = −

𝑒

2𝑚𝑒
𝑚𝑙ℏ = −𝑚𝑙𝜇𝐵

𝜇𝐵 =
𝑒ℏ

2𝑚𝑒
= 9.274 × 10−24𝐽/𝑇 is the Bohr magneton.

Angular momentum and magnetic dipole moment

11



 The potential energy due to the magnetic field is: 𝑉𝐵 = − Ԧ𝜇 ⋅ 𝐵

 A magnetic field splits the 𝑚𝑙 levels.  The potential energy is quantized and 

now also depends on the magnetic quantum number 𝑚𝑙.

 Let 𝐵 = 𝐵 Ƹ𝑧, then 𝑉𝐵 = − Ԧ𝜇 ⋅ 𝐵 = −𝜇𝑧𝐵 = 𝜇𝐵𝑚𝑙𝐵.

 For example, when a magnetic field is applied, the 2p level of atomic 

hydrogen is split into three different energy states with energy difference of 

Δ𝐸𝐵 = 𝜇𝐵𝐵Δ𝑚𝑙.

The Zeeman Effect

mℓ Energy

1 E2 + μBB

0 E2

−1 E2 − μBB

12



The Zeeman Effect in Hydrogen

Transitions from 2p to 1s, with mℓ levels 

split by a magnetic field into three lines.

0
ˆB B z

0
ˆB B z

Transitions from 3d to 2p, with the mℓ levels 

split by a magnetic field also into three lines.
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Consider that an atomic beam of particles (without spin) in the ℓ = 1 

state passes through a magnetic field along the z-direction.

The Zeeman Effect (ignoring electron spin)

The mℓ = +1 state will be deflected down, the mℓ = −1 state up, and the mℓ = 0

state will be undeflected. Note that the effects of spin are not included here.

( / )Bm dB dz 

2 2
z z B

e e

e e
L m m

m m
      

ˆB Bz

Note this is the Stern-Gerlach experiment which 

established the electron spin.

14
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The fourth quantum number: Electron Spin

A beam of H-atoms in the 1s (ℓ = 0) state 

is split into two beams when passing 

through a magnetic field.  There must be 

two states of hydrogen which have a 

different energy in a magnetic field.

Spin is needed to describe this behavior 

as was the case for the Stern-Gerlach 

experiment for Ag (silver) which 

established the electron spin.

15

When a magnetic field is present, the change in 

the magnetic energy is .SE B   

2
S S

e

e
g S

m
   gS is called the electron spin g-factor which has the value gS  2. 

0
dB

dz


The magnetic field line spacing decreases as z 

increases and illustrates the gradient dB/dz > 0.



,

1
ˆ ˆ , ,

2 2 2
S z S z S B S B S z S

e e

e e
g S z g m z where m S m

m m
         

Intrinsic Spin of the electron

As we have seen in the Stern-Gerlach experiment, 

the electron reacts similarly to the orbiting electron in 

a magnetic field.

 The magnetic spin quantum number ms has only 

two values, ms = ±½ for s = ½. This is our fourth 

quantum number for electron states in Hydrogen.

The electron’s spin will be either “up” 

or “down” and its magnetic moment μs

is never exactly along the z axis.

gS is called the electron spin g-factor 

which has the value gS  2. 

2 2 2, ( 1) , (3 / 4) ,s s sS s m s s s m s m  
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When a magnetic field is present, the change in 

the magnetic energy is 

2
S S

e

e
g S

m
  

Δ𝐸 = − Ԧ𝜇𝑠,𝑧 ⋅ 𝐵 = 𝑔𝑠𝜇𝐵𝑚𝑠𝐵 ≈ 2𝜇𝐵𝑚𝑠𝐵 𝑤ℎ𝑒𝑟𝑒 𝐵 = 𝐵 Ƹ𝑧 ⇒ Δ𝐸 ≈ ±𝜇𝐵𝐵



What happens in the Stern-Gerlach experiment, if each electron (with spin) in 

an incident beam of hydrogen atoms has 𝑙 = 1, such as in a 2p state?

The magnetic moment of the electron depends on Lz and Sz according to

𝜇𝑧 = −
𝑒

2𝑚𝑒
𝐿𝑧 + 𝑔𝑠𝑆𝑧 = −

𝑒ℏ

2𝑚𝑒
𝑚𝑙 + 𝑔𝑠𝑚𝑠 = −𝜇𝐵 𝑚𝑙 + 𝑔𝑠𝑚𝑠

𝑉𝐵 = −𝜇𝑧𝐵

𝐹𝑧 = −
𝑑𝑉𝐵
𝑑𝑧

= 𝜇𝑧
𝑑𝐵

𝑑𝑧
= −𝜇𝐵 𝑚𝑙 + 𝑔𝑠𝑚𝑠

𝑑𝐵

𝑑𝑧

Since 𝑚𝑙 = −1, 0, 1 and, independently, 𝑚𝑠 = ±1/2, we get five possible 

values of 𝑚𝑙 + 𝑔𝑠𝑚𝑠: 2, 1, 0, –1, –2 (assuming 𝑔𝑠 = 2).  Therefore, we 

expect to see five separate spots on the screen.

Stern-Gerlach experiment including the 

effects of electron spin

17



Energy Levels and 

Electron Probabilities

For hydrogen, the energy level 

depends on the principal quantum 

number n.

In the ground state, an atom cannot emit 

radiation. It can absorb electromagnetic 

radiation, or gain energy through inelastic 

bombardment by particles.

Electrons absorbing or emitting photons 

(i.e., optical transitions) can change states 

when Δℓ = ±1 and Δmℓ = 0, ±1. n has no 

constraints (and can be any value).

18



Selection Rules involving optical 

transitions between states in Hydrogen 

We can use the wave functions to calculate transition probabilities for 

the electron to change from one state to another. The probability is 

proportional to the magnitude squared of the dipole moment, Ԧ𝑑𝑖𝑓
2
:

Ԧ𝑑𝑖𝑓 = ∫𝜓𝑓
∗ 𝑒 Ԧ𝑟 𝜓𝑖𝑑

3𝑟

where 𝜓𝑖,𝑓 are the initial and final states wavefunctions of the 

transition, respectively.

Electrons absorbing or emitting photons can change states when Δ𝑙

= ±1 and Δ𝑚𝑙 = 0,±1. n has no constraints (and can be any value).

Forbidden transitions: Other transitions are possible but occur with 

much smaller probabilities.  

19



Quantum number Symbol Allowed values Related to

n 1, 2, 3, … Energy and average 

distance from the 

nucleus

Orbital ℓ 0, 1, 2, …, (n-1) Orbital angular 

momentum

Orbital magnetic mℓ 0, 1, 2, …, ℓ Orbital angular 

momentum 

(z-component)

Spin s ½ Spin angular 

momentum

Spin magnetic ms ½ Spin angular 

momentum 

(z-component)

,

2 2

,( , ) (  1) ( , )m mL Y Y    

, ,( , ) ( , )z m mmL Y Y   

2 2

2 2

13.6

2

r
n

m c eV
E

n n


   

Principal

2 2 2, ( 1) , (3 / 4) ,s s sS s m s s s m s m  

, ,z s s sS s m m s m

Each electron in the Hydrogen atom is described by a set of four 

quantum numbers (n, ℓ, mℓ, ms), as summarized in the Table below:
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n       ℓ         Orbital mℓ ms

Summary Table for sets of four quantum numbers (n, ℓ, mℓ, ms)

In general, the number of possible combinations of the four quantum numbers (n, ℓ, mℓ, ms) 

possessing the same value of n is 2n2. 

𝑙 𝑎𝑛𝑑 𝑚 𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑐𝑦 

0

𝑛−1

(2𝑙 + 1) = 𝑛 + 2
𝑛 𝑛 − 1

2
= 𝑛2

The factor 2 stems from the spin 

Number of

Combinations, 2n2

21



Towards the Periodic Table of Elements: Ground state electron 

configuration of many electron atoms: 

Determines chemical reactivity of atoms in most cases.

Imagine a bare nucleus of charge +Z.

Imagine empty orbitals surrounding the nucleus.

Fill the orbitals with Z electrons for the neutral atom by following the same 

identification of the four quantum numbers : (n, ℓ, mℓ, ms)

Aufbau principle: Fill lowest energy orbitals first.

Pauli exclusion principle: Each electron must have a different set of 

quantum numbers (maximum of 2 electrons spin up/down in an orbital, 

{𝑛, 𝑙, 𝑚} set).

Hund’s rule: The lowest energy state corresponds to the configuration with 

the greatest number of unpaired electrons in a particular orbital ℓ. 

In addition, we follow the following principles:

22



Constructing the periodic table by filling orbitals with electrons 

(electron configurations).

Aufbau: Fill 1s orbital first.

Pauli: no more than two electrons in the 1s 

orbital.

The basis of the duet rule: 

Filling a shell 1s subshell filled with 2He = 

stable electron core given symbol [He]. 

Construction of the first row of the periodic table.

Electron configurations: 1H and 2He.

23



Electronic 

configuration



Filling the orbitals of 3Li, 4Be and 5B

Fill 1s orbital first, then 2s, then 2p.

Pauli: no more than two electrons in the 1s orbital.

2s subshell filled with 4Be.

25



Filling the orbitals of 6C and 7N 

Hund’s Rule: When electrons occupy orbitals 

of the same energy for a particular 𝑙, the 

lowest energy state corresponds to the 

configuration with the greatest number of 

unpaired electrons in the degenerate orbitals. 

Such an unpaired electron configuration 

avoids electron-electron repulsion and 

lowers the atom’s energy 

26
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Example:  Are the following two states allowed for N by the Pauli principle?

(a) 1s22s22px
12py

12pz
1          (b) 1s22s22px

22py
12pz

0

• Hund’s rule describes the lowest energy of the often several electron

configurations that are allowed by the Pauli exclusion principle.

• It doesn’t forbid the existence of any of the other configurations allowed

by Pauli.

• If there are multiple electron configurations allowed by the Pauli exclusion

principle, the lowest energy will be the configuration predicted by Hund’s

rule. The other configurations will be considered excited states and will

generally possess higher energies.

Yes. Which is more stable (energetically favorable)?

1s22s22px()2py()2pz() is considered more stable than 1s22s22px()2py()2pz()

because it possesses a greater number of unpaired electrons in the degenerate 2p orbitals. 

27

Hund’s rule together with the Pauli Exclusion Principle



Filling the orbitals of 8O, 9F and 10Ne

Filling the 2p subshell produces another 

stable (complete) configuration of 

electrons which serves as the core shell 

of the third row: symbol [Ne]

28



In an atom with one electron, the electron experiences the full 

charge of the positive nucleus and so the effective nuclear 

charge can be calculated from Coulomb's law. However, in an 

atom with many electrons, the outer valence electrons are 

simultaneously attracted to the positive nucleus and repelled 

by the negatively charged electrons (mainly from the core). 

The effective nuclear charge is the net positive charge 

experienced by valence electrons. It can be approximated by 

the equation: 𝑍𝑒𝑓𝑓 = 𝑍 − 𝑆, where Z is the atomic number and 

S is the effective number of screening (or shielding) electrons.                                                  

Effective nuclear charge (𝑍𝑒𝑓𝑓)

Effective Nuclear Charge (𝑍𝑒𝑓𝑓)

An approximate formula 

for the energy levels in a 

multi-electron atom is

where a0 is the Bohr 

radius and n = 1, 2, 3…

S
cr

ee
n

in
g
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𝐸𝑛 ≈ −
𝑍𝑒𝑓𝑓
2 𝑒2

2𝑎0

1

𝑛2



r2R(r)2

The radial distribution electron density of Na. 

Core electrons (red) and a Single Valence electron in a 3s, 3p, or 3d orbital

Energy levels in alkali metals

3s

3p

3d

The radial distribution for the H-atom which, 

of course, possesses just one electron.

r (distance from nucleus)

r (distance from nucleus)

Na (Sodium)   1s22s22p63s1   

Core: 1s22s22p6, Valence: 3s1

We can understand the change in orbital energy due to 

screening. When the valence electron is in the 3d orbital 

it’s found primarily in the region outside the core 

electrons. As a result, the 3d electron is shielded or 

screened from the nuclear charge (Z = +11) by the 10 core 

electrons. To a reasonable approximation, the 3d electron 

experiences an effective nuclear charge of 𝑍𝑒𝑓𝑓 = (11

− 10) electrons or just +1 e. The result is that the 3d 

electron has nearly the same energy as the 3d electron in 

Hydrogen.
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[He]2s1      [Ne]3s1       [Ar]4s1       [Kr]5s1 [Xe]6s1

From the previous slide, the 3s and 3p radial distributions will have subsidiary maxima in 

regions that penetrate the core electrons (red shade) resulting in a significant Coulomb 

attraction and lowering of its energy. This is particularly true for the 3s electron. Thus 

electrons in the 3p and 3s experience a much greater effective nuclear charge on average 

than the 3d electron, resulting in the lowering of the 3p and 3s states accordingly. 

3s

3p

3d

Energy lowering of outer s- and p-electrons due to penetration near the core electrons

Alkali atoms in their ground state, contain 

a set of completely filled subshells with a 

single valence electron. Note that for high 

principle quantum numbers, n, the energy 

levels approach that of hydrogen since a 

reduced penetration into the core occurs 

as n becomes increasingly large. Thus, for 

large n, the screening results in the 

valence electron experiencing an effective 

nuclear charge approaching one.
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The order in which subshells are filled is given by the n + ℓ rule, also known as the 

Madelung rule. Orbitals with a lower n + ℓ value are filled before those with higher n + ℓ

values. The states crossed by same red arrow have same n + ℓ value. The direction of the 

red arrow indicates the order of state filling. However, some exceptions to this rule can be 

found in the periodic table, particularly for the transition metals.

1s22s22p63s23p64s23d104p65s24d105p66s24f145d106p67s25f146d107p6

General rule for determining the electron configuration of elements
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IIIB  IVB    VB    VIB

IB   IIB

Semiconductors IV, II-VI, and III-V 

Important semiconductors: Si, Ge (IV)  

CdTe (II-VI), and GaAs, GaN (III-V) 
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Ionization Energies
The ionization energy (IE) of an atom is the minimum energy required to remove 

an electron from a gaseous atom.

X(g)           X+(g)  +  e-

 Ionization potentials of noble gas elements
are highest within a particular period of
periodic table, while those of the alkali are
lowest.

 Ionization potential gradually increases
until shell is filled and then drops.

 Filled shells are most stable and valence
electrons occupy larger, less tightly bound
orbits.

 Noble gas atoms require large amount of
energy to liberate their outermost electrons,
whereas outer shell electrons of alkali
metals can be easily liberated.
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Periodic trends of the first ionization energies of the representative elements

Alkali 

metals 

ns1

Noble gas

ns2p6

37

In general, as we go across a period from left to right, the first ionization energy increases. Electrons 

added in the same shell (value of n) do not completely shield the increasing nuclear charge caused by 

adding protons. Electrons in the same principal quantum number n are generally more strongly bound 

from left to right on the periodic table. In addition, as we go down a group (column) from top to bottom, 

the first ionization energy decreases in general since the electrons in the outer valence shell are, on 

average, further from the nucleus. Moreover, the increasing nuclear charge is screened by the inner core 

shells with lower values of n. Thus the outer valence electrons exhibit a reduced binding energy.

Across a period (row),  

𝑍𝑒𝑓𝑓 increases and n

remains the same, so the 

ionization energy (𝐼𝑛) 

generally increases. 

Down a group (column),  

n increases and  𝑍𝑒𝑓𝑓
increases slightly and so 

the ionization energy (𝐼𝑛) 

generally decreases. 

𝐼𝑛 = −𝐸𝑛 ≈
𝑍𝑒𝑓𝑓
2 𝑒2

2𝑎0

1

𝑛2



Periodic properties of atomic radius

General Rule:  The size of an atom decreases in a row (towards the right) as the atomic number (number 

of protons) increases, and the size of an atom increases in a column (going down) as the atomic number 

increases. As the shells are being filled for a given shell or value of n in a row, the increasing nuclear 

charge will lead to a greater attraction of the electrons found in the outer shell, thereby decreasing their 

average radial extent (distance) from the nucleus. The effect of an increasing atomic number in a shell is 

greater than that of the increasing number of electrons, resulting in a greater nuclear attraction. This 

means that the nucleus attracts the electrons more strongly, pulling the atom's shell closer to the nucleus 

in moving from left to right in a row. Note this also correlates with the trend in ionization energy. 
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Multi-electron atoms and the Periodic table - Summary

 Electrons in the outermost shell of an atom are the most important in

determining chemical properties. Chemical reactions involve only the outer

(valence) electrons. The inner (core) electrons are not involved in chemical

reactions.

 Elements in a given vertical column (group) of the periodic table have similar

outer-shell electron configurations and similar properties. They are

isoelectronic and have the same number of valence electrons.

 Elements in a row show regular trends in their properties due to the continuing

increase in the number of valence electrons (and nuclear charge) until a shell is

filled.

 The screening effect describes the balance between the attraction of the

protons to the valence electrons and the repulsion forces from inner core

electrons.

 The effective nuclear charge is the net positive charge experienced by valence

electrons. It can be approximated by 𝑍𝑒𝑓𝑓 = 𝑍 − 𝑆, where Z is the atomic

number and S is the effective number of screening (shielding) electrons.

 The screening effect explains periodic trends in the ionization energy and

atomic radius.
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