
Quantum Theory 1 - Home Exercise 4

1. Consider a system with a real Hamiltonian that occupies a stationary state having a real wave

function both at time t = 0 and t = t1. Meaning, the wave function satisfies:

 
⇤(x, 0) =  (x, 0) ,  

⇤(x, t1) =  (x, t1).

(a) Show that such a system must be periodic, i.e. that there exists a period T such that

 (x, t) =  (x, t+ T ) , for all t.

(b) Calculate the period T .

(c) Show that for such a system, the energy eigenvalues must be integer multiples of 2⇡~/T .

Hint : Assume the state  (x, t) has some defined energy E, then in article (c) show it must

obey the condition given.

2. Consider a normalized wave function  (x). Assume that the system is in a state described by

the wave function

 (x) = C1 (x) + C2 
⇤(x),

where C1 and C2 are two known complex numbers.

(a) Write down the condition for the normalization of  (x) in terms of the complex integral,
R1
�1  (x) (x)dx = D, assumed to be known.

(b) Obtain an expression for the probability current J (x) for the state  (x). Use a polar

presentation of complex numbers, i.e.  (x) = f(x)ei✓(x).

(c) Calculate the expectation value hpi of the momentum and show that,

h , p̂ i = m

Z 1

�1
J (x)dx

Show that both probability current and momentum vanish if |C1| = |C2|.

3. Consider a free particle described by the wavefunction

 (x, t) =
h
Ae

i p~x +Be
�i p~x

i
e
�iE~ t

1

 



where E = p2

2m .

Find the probability current associated with this wave function, Interpret the di↵erent terms

and show that if |A| = |B| the probability current vanishes.

4. Particle on a ring - Consider a particle that is free to move on a ring of circumference L,

such that  (x, t) =  (x+ L, t)

(a) Find the normalized stationary states of the system and explicitly show that they form

an orthonormal basis.

(b) Calculate the dispersion relation !n(kn) and show that !n = !�n.

(c) Show that any linear combination of the stationary states is also a solution of (time-

dependant) Schroedinger’s equation. In the sum  =
P

Cn'n, what condition must

apply on the coe�cients Cn so that  would be a ”legal” quantum state .

(d) Given some initial condition  (x, 0) = f(x), where f(x) is some given normalized func-

tion, find a way to calculate the coe�cients Cn.

5. Following the previous question, consider a particle on a ring that is initially in a state

 (x, 0) = A

⇣
'�2(x) +

p
2'�1(x) + '0(x) +

p
3'1(x) +

p
2'2(x)

⌘
,

where 'n(x) correspond to the n
0th eigenstate you found in question (2)

(a) Find |A|.

(b) Find  (x, t).

(c) We define the evenness operator be Ẑ'n(x) = 1+(�1)n

2 'n(x). Find the probability of

having Ẑ = 1.

(d) Find the expectation value for the particle’s energy hĤi, show that it is time independent.

(e) Find the probability of measuring p̂ = 4⇡
L .

(f) Find the probability of measuring p̂ = 2⇡
L .

At some time t0 we measure the evenness of the wavefunction and get Ẑ = 1.

(g) Write down the wavefunction  0(x, t) for times t > t0. Make sure to normalize it properly.

(h) Repeat articles (d) (e) and (f) for the system at times after t0.
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