
Quantum Theory 1 - Home Exercise 5

1. Particle on a ring.
Consider a particle free to move on a ring of circumference L that is initially in a state

ψ(x, 0) = A
(
ϕ−2(x) +

√
2ϕ−1(x) +

√
3ϕ1(x) +

√
2ϕ2(x)

)
,

where ϕn(x) correspond to the n’th eigenstate.

(a) Find |A|.
(b) Find ψ(x, t).

(c) We define the evenness operator be Ẑϕn(x) = 1+(−1)n
2

ϕn(x). Find the probability of having

Ẑ = 1.

(d) Find the expectation value for the particle’s energy 〈Ĥ〉, show that it is time independent.

(e) Find the probability of measuring P(p = 4π~
L

).

(f) Find the probability of measuring P(p = 2π~
L

).

At some time t0 we measure the evenness of the wavefunction and get Z = 1.

(g) Write down the wavefunction ψ′(x, t) for times t > t0. Make sure to normalize it properly.

(h) Repeat articles (d), (e) and (f) for the system at times after t0.

2. Particle in a symmetric infinite well.
Consider a particle of mass m confined in a symmetric one-dimensional potential well of width
a

V (x) =

{
0, |x| < a

2
,

∞, otherwise.

(a) Find the eigenstates of the Hamiltonian, i.e. stationary states, and the corresponding
eigenenergies.

(b) How does the difference between energy levels change when we change the width of the
well a?

(c) Do the eigenstates you found in (a) have a defined parity? How does it depend on n?

(d) Find the expectation value for the position of the particle when the system is prepared in
a specific eigenstate.

3. Instantaneously expanding an infinite well symmetrically.
Consider an infinite square well of width 2L with a particle of mass m moving in it (|x| < L).
The particle is in the lowest-energy state at t < 0. Assume now that at t = 0 the walls of the
well move instantaneously such that the well doubles (|x| < 2L). This chance does not affect
the state of the particle, which is the same before and immediately after the change.

(a) Write down the wavefunction ψ(x, 0) and the energy of the particle at time t < 0?
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(b) Write down the wavefunction of the particle at times t > 0. Calculate the probability
Pn of finding the particle in an arbitrary eigenstate of the modified system. What is the
probability of finding the particle in an odd eigenfunction (odd eigenfunction with respect
to x)?

(c) Calculate the expectation value of the energy at any time t > 0. You can make use of the
series

∞∑
ν=0

(2ν + 1)2

[(2ν + 1)2 − 4]2
=
π2

16
.

(d) If we assume instead that the walls move outwards with a finite speed u, our assumptions
should still hold provided that this velocity is much larger that the characteristic velocity
of the system at times t < 0, i.e. u� v0. What is v0?
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