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A. There are only particles

In the previous lecture, we briefly discussed the relationships between forces, fields and

particles. Either description of Nature can be used, but the most general and arguably the

most physical one is that of particles [1]. Indeed, as we will show, the very existence of

particles, combined with quantum mechanics and with Lorentz invariance, gives rise to all

the well-known forces. There is no need to impose, for example, the exact form of Coulomb’s

law: the very existence of massless photons guarantees it. Moreover, a particle picture shows

how Coulomb’s law deviates from its macroscopic form at small separations.

The reason why particles suffice is that if a particle of some type exists, then the un-

certainty principle implies that virtual particles of that type must constantly be created

and annihilated. Even the vacuum is full of such virtual particles, and consequently carries

considerable energy. The exchange of such virtual particles may be called a field, and its

affect on real particles may be called a force. So what is the force mediated by such virtual

particles? This is the focus of this lecture. Once we know this, we will be able to estimate

to an order of magnitude all the interactions of the standard model.

But first, let’s outline one of the central problems plaguing force or field approaches: the

UV divergences of the self-interaction. This problem still persists in a particle approach,

but is much milder and easily controlled, as we shall see in the next lecture.

B. Self-interaction UV divergence

Suppose a point particle of charge q and mass m is at rest in vacuum. In a field picture,

the presence of the particle leads to an energy density distribution u = E2/(8π) around it,

where E = q/r2 is the electric field. The mass–energy equivalence implies that the full mass

of the particle, known as the dressed mass md, should include the total field energy U ,

md = mb + U/c2 , (1)

[1] This does not mean that particles are the end of the story. We will highlight some shortcomings of the

particle picture, hinting at the need for a more fundamental approach such as the string framework.
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where mb is the particle’s true, or “bare” mass. Computing the total field energy,

U =

∫
E2

8π
dV =

q2

8π

∫
1

r4
dV =

q2

2

∫ rmax

rmin

1

r2
dr =

q2

2rmin
, (2)

we find that U diverges due to the strong field near the particle. The U(r → 0) → ∞

phenomenon is known as UV divergence.

The dressed mass must be finite, as we know from our classical world. Self interaction

implies thatmb is smaller, but the divergence in Eq. (2) is very strong. It would require a neg-

ative bare mass, which leads to several problems or inconsistencies. In QFT, the divergence

is only logarithmic, and mb remains positive for all practical purposes. Incidentally, what is

the cutoff distance for which the energy of the electron’s electric field is approximately mec
2?

It is the classical radius of the electron, as U = q2/r ∼ mec
2 ⇒ r ' re = q2/(mec

2).

We saw that the dressed, or effective mass meff depends on the distance from the charge.

Equivalently, it depends on the energy scale being probed, meff = meff (E). It is easiest to

see this in a particle approach, where the field is due to virtual particles with energy E and

maximal travel distance r related by r ' 0.2E−1
GeV f. This is useful because an upper limit to

the energy of a theory is more easily introduced. It then becomes a (self-consistent) effective

theory, calling for a more fundamental theory at the diverging scale. The divergences of the

SM, such as the Landau pole, lie well above the Planck energy, and so are of little concern.

C. Boson-mediated forces

Consider two charged particles at a separation ~d. We wish to compute the force aris-

ing from the exchange of some virtual particle. First, let’s remind ourselves how the force

emerges from the presence of fields. In particular, consider the field energy of the configu-

ration,

U =

∫
E2

8π
dV =

∫
E2

1

8π
dV +

∫
E2

2

8π
dV +

∫
2 ~E1 · ~E2

8π
dV . (3)

The first two terms on the RHS are the self-energies of the two particles, whereas the last

term is the interaction energy between them, Uint. This is the only term that depends on

the separation ~d. The force between the particles,

~F = −~∇d · U = −~∇d · Uint = −~∇d

∫ ~E1 · ~E2

4π
dV , (4)

is readily found to be the Coulomb force, as you can show for two particles and in general.

So we are reassured that the field picture yields the force picture.
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1. Spin 0 bosons

Now let’s see what force arises from the mediation of a certain boson. The general

derivation is rather formal, but the result will be worth it. Let’s start with a scalar boson,

a spin 0 simplification of the photon. Like the photon, it is not charged, but it interacts

with the charge carriers. For simplicity, let’s neglect currents and consider only the charge

densities, J0 = cρ.

Whether the boson is massive or massless, we are dealing with virtual particles that lie

off the mass shell. So the virtual boson always has some mass, which limits its propagation,

and is described by the Klein-Gordon equation with a mass term which we write as λ−2.

Say a virtual boson is generated at point x. What is the QM amplitude for finding it later

at point y? As usual, it can be described by a Green’s function D(x − y), which in this

context is called a propagator and is given by

(�x + λ−2)D(xµ − yµ) = −δ(xµ − yµ) , (5)

where the notation 2x means that the derivatives act on xµ rather than yµ. The minus sign

on the RHS is a matter of convention.

Why is this true? Think of classical electrodynamics, where the 4-vector potential field Aµ

that represents the photon is sourced by the 4-current Jµ, and satisfies the Proca equation,

which in the Lorentz gauge reduces as we saw to

(22 − λ−2)Aµ =
4π

c
Jµ . (6)

One way to solve this equation is using the Green function D(x − y), defined by Eq. (5),

because then the solution can immediately be written as

Aµ(x) = −4π

c

∫
d4yJµ(y)D(x− y) . (7)

To verify that this is indeed a solution, simply operate on both sides of the equation with

the KG operator (22
x − λ−2) to recover Eq. (6). We may interpret Eq. (7) in the particle

picture as stating that the amplitude of finding the photon at x is simply an integral over

its injection J throughout space y, weighted by the amplitude D of the photon making it

from y to x.

What does D(x − y) look like? This is easier to see in Fourier space, as is often the

case when we deal with local derivatives in a homogeneous background. Taking the Fourier
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transform of Eq. (5), we find∫
d4k

(2π)4
[
−k · k + λ−2

]
D(k)eik·(x−y) =

∫
d4k

(2π)4
(−1)eik·(x−y) , (8)

where D(k) is defined through

D(x− y) =

∫
d4k

(2π)4
D(k)eik·(x−y) . (9)

Among the many solutions of Eq. (8), we are interested in a general solution that holds for

any separation (x− y), implying that[
−k · k + λ−2

]
D(k) = −1 ⇒ D(k) =

1

k · k − λ−2 . (10)

Thus the propagator is large when the mediating boson is near the mass shell, where the

denominator diverges. We anticipate the interaction to be large if the sources have k-modes

near this shell.

We are interested in the interaction energy ∆U between two charges. How do we write it

in terms of the source J and propagator D? Again we allude to classical electrodynamics,

where for an arbitrary charge density distribution ρ(x), the electrostatic energy is given by

∆U =

∫
d3xρφ =

1

t

∫
d4xJµAµ , (11)

where Jµ = (ρc,~j) is the 4-current and Aµ = (φ, ~A) is the 4-vector potential. We wrote

the integral on the RHS as a Lorentz scalar, anticipating its role as a term in the action.

Plugging in our solution for A, we find

∆U = −4π

ct

∫
d4xd4yJ2(x)D(x− y)J1(y) , (12)

where subscripts 1, 2 mean that we are interested only in the interaction energy, rather than

self energy. Quantum mechanically, this energy can be interpreted [2] as arising from virtual

bosons, emitted by a current at any spacetime position y and absorbed by a current at any

other spacetime position x, after traveling the distance (x− y).

[2] This is made explicit in the path integral formulation. Here one starts with a Lagrangian of the form

L = ϕÔϕ+ 4π
c Jϕ, where Ô is some operator, and computes the evolution of the wavefunction by taking

an integral over all the possible configuration of the field ϕ,

Ψ ∼
∫
Dϕei

∫
d4xL(x) ∼

∫
e−

i
~

4π
c

1
2

∫
d4xd4yJ(x)D(x−y)J(y) .

The result then follows in the stationary case from the usual Ψ ∝ e−iEt. This picture also clarifies the

time ordering of events, needed to preserve causality.
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In Fourier space, Eq. (12) becomes

∆U = −4π

ct

∫
d4xd4yJ2(x)

[∫
d4k

(2π)4
D(k)eik·(x−y)

]
J1(y)

= −4π

ct

∫
d4k

(2π)4
D(k)

[∫
d4xJ2(x)eik·x

] [∫
d4yJ1(y)e−ik·y

]
= −4π

ct

∫
d4k

(2π)4
J2(k)D(k)J1(k)∗

= +
4π

ct

∫
d4k

(2π)4
J2(k)∗D(k)J1(k) , (13)

where we used (twice) the property J(−k) = J∗(k) of real-valued J .

Equation (13) is quite general. Now specify to two charges at rest in positions ~x1 and ~x2,

J1(x) = q1δ
(3)(~x− ~x1) ; J2(x) = q2δ

(3)(~x− ~x2) , (14)

such that

J1(k) =

∫
d4x e−ik·xq1δ

(3)(~x− ~x1) = q1e
i~k·~x1

∫
dx0e

−ik0x0 , (15)

and similarly for J2(k). Therefore,

∆U =
4πq1q2
ct

∫
d4k

(2π)4
ei
~k·(~x1−~x2)D(k)

∫
dx0e

+ik0x0

∫
dy0e

−ik0y0

=
4πq1q2
ct

∫
d4k

(2π)4
ei
~k·(~x1−~x2)D(k)

∫
dx0e

+ik0x02πδ(k0)

=
4πq1q2
t

∫
d3k

(2π)3
ei
~k·(~x1−~x2)D(k)|k0=0

∫
dt

= 4πq1q2

∫
d3k

(2π)3
ei
~k·(~x1−~x2)D(kµ = (0, ~k)) . (16)

This result was the goal of this exercise. It quite generally relates a propagator or dispersion

relation of a scalar boson field to the force it mediates.

In particular, our virtual scalar boson satisfies

D(kµ)|k0=0 =
1

k · k − λ−2 =
−1

~k · ~k + λ−2
, (17)

so solving the integral [3] gives

∆U = −q1q2
r
e−r/λ , (18)

where r ≡ |~x1 − ~x2|. This confirms the heurisic result of the previous lecture, namely that

the interaction mediated by a scalar boson leads to a Yukawa potential. Moreover, as we are

only now able to tell, this force necessarily causes like charges to attract! This is in contrast
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to the repulsion of like electric charges, which is mediated by a spin 1 boson. So the sign of

the expression must be spin dependent. Can we generalize Eq. (16) for arbitrary spin?

2. Bosons of arbitrary spin

Before we discuss forces mediated by spin s 6= 0 bosons, let’s see how their fields look

like. The boson is characterized by its 4-momentum pµ, mass m, and polarization. We need

to construct a Lorentz invariant representation of this polarization. A massive, spin s = 1

boson has 2s + 1 = 3 polarizations. A Lorentz scalar (1 dof) is insufficient to describe it,

so we need at least a 4-vector, call it εµ. We must eliminate one of the 4 dof in εµ with

a Lorentz invariant constraint. The only option we have is εµp
µ =constant, which can be

chosen as zero.

Similarly, as a spin s = 2 boson has 5 dof, we need at least a rank 2 tensor to describe it,

call it hµν . This must be supplemented by 11 Lorentz invariant constraints. We have little

choice but to require hµν = hνµ (symmetry; 6 constraints), pµhµν = 0 (4 constraints), and

hµµ = 0 (1 constraint).

If a spin s > 0 boson is massless, it always carries only 2 dof, so many more constraints

are necessary. This has far reaching implications, which we touch upon in the next lecture.

Now, consider the equivalent of the Proca equation (6) for an arbitrary boson spin. The

tensors describing the field and the current must be of the same rank. Thus, for s = 0 we

had a scalar current J , for s = 1 we need a 4-current Jµ, and for s = 2 we need a rank 2

tensor T µν . What is the generalization of Eq. (13)? To include all possible virtual particle

interactions, we must sum over the polarization states. These two conclusions imply that

[3] The integral can be solved using the residue theorem. First write ~k in spherical coordinates,

∆U = 4πq1q2

∫
d3k

(2π)3
ei
~k·(~x1−~x2)

−1

~k · ~k + λ−2
= −4πq1q2

(2π)3

∫ ∞
0

∫ π

0

2πk2 sin θ
eikr cos θ

k2 + λ−2

= −q1q2
π

∫ ∞
0

k2

k2 + λ−2

[
−eikr cos θ

ikr

]π
0

= −q1q2
πr

∫ ∞
0

2k sin(kr)

k2 + λ−2
.

The integrand is even in k, so we may run it throughout the real axis and use the residue theorem,

∆U = −q1q2
πr

∫ ∞
−∞

k sin(kr)

k2 + λ−2
= −q1q2

πr

∫ ∞
−∞

keikr/i

k2 + λ−2
= −q1q2

πr
2πi Res

k→i/λ

keikr/i

k2 + λ−2
= −q1q2

r
e−r/λ .
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the expression J∗
2 (k · k − λ−2)−1J1 in Eq. (13) generalizes to

J∗µν...
2

(∑
a ε

(a)
µν...ε

(a)
ρσ...

k · k − λ−2

)
Jρσ...1 , (19)

where the sum is over polarization states a. This allows the exchange of a boson with any

polarization, provided that it couples to both J1 and J2.

We almost have our answer! In the scalar case, the numerator in Eq. (19) was unity,

corresponding to a ∝ −q1q2 force. The sign of the force mediated by a boson of an arbitrary

boson is therefore

F ∝ −

{
J∗µν...
2

[∑
a

ε(a)µν...ε
(a)
ρσ...

]
Jρσ...1

}
µ=ν=...=ρ=σ=...=0

, (20)

where we took only timelike indices because we are interested in the force between static

charges.

3. Vector bosons

Consider for example s = 1 bosons. To compute Eq. (20) we need to constrain the sum

of the three polarization state products, Qµν =
∑

a ε
(a)
µ ε

(a)
ν . This is a property of the boson,

so it can only depend on kµ, λ, and the metric ηµν . As kµεµ = 0, we must have kµQµν = 0.

So what is the most general rank 2 tensor that meets these requirements? As it turns out,

only Qµν = C(ηµν − λ2kµkν) will do, where C is an arbitrary constant.

But to find the sign of the force, we must determine C — how? As often is the case in

special relativity, we seek the answer in the rest frame of the boson, which exists even for

the photon if it is virtual. Here, we may align each polarization with a spatial coordinate,

R.F. ε(1)µ =


0

1

0

0

 ; ε(2)µ =


0

0

1

0

 ; ε(3)µ =


0

0

0

1

 . (21)

As kµ = (λ−1, 0, 0, 0) in the rest frame, kµεµ = 0 there is satisfied. Now we may write

Qµν =


0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 !
= C




1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

−


1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0



 = C


0 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 , (22)
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fixing C = −1. Finally, kµJ
µ ∝ ∂µJ

µ = 0 due to charge conservation, so we can simply

replace Qµν → −ηµν . Hence, Eq. (20) becomes F ∝ −q1(−1)q2 = +q1q2. Generalizing the

scalar boson case, the interaction potential is

∆E = +
g1g2
r
e−r/λ , (23)

where like charges repel. In the photon limit of zero mass, λ → ∞, we recover Coulomb’s

law.

The generalization to s = 2 is conceptually equivalent, but the algebra is more extensive,

so we leave it for homework. The unsurprising result is that like charges attract, as in (s = 2

graviton-mediated) gravity. Indeed, in general, even (odd) spin bosons mediate forces that

attract (repel) like-charges.

4. Example of other uses: large extra dimensions

Equation (20) is useful in various contexts, in which an interaction is mediated by par-

ticles, quasiparticles, or waves with a known dispersion D. As an example, consider how

gravity works if it lives in more than 3 spatial dimensions.

This is not as crazy as it may sound. String theory, for example, requires multiple (10

or 26) spacetime dimensions in order to be self consistent. The idea is that many of these

dimensions are compact, and inaccessible at low energy. For example, consider one flat

dimension and one extra, compact dimension of scale R. The product two-dimensional

space may be described as a long, thin cylinder: from afar, it looks like a line. Only at

scales <∼ R does the compact dimension become noticeable:

If such a compact dimension is much larger than its natural (i.e., Planck) scale, it is said

to be large. The possibility that only gravity feels such extra dimensions was proposed as

a possible explanation for its relative weakness with respect to the other forces. Without

going into any detail, we can dimensionally examine Eq. (20) in order to determine how

gravity behaves in n spatial dimensions,

E ∝
∫
dnk

1

k2
ei
~k·~r ∼ r2−n

∫
dnρ

1

ρ2
eiρ cos θ ∝ r2−n , (24)
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where we used the variable change ~ρ = r~k to extract the r−dependence from the integral.

The gravitational force is thus FG ∝ r1−n. If gravity (but not the other forces!) feels an

extra dimension compactified on a 1mm scale, then our macroscopic FG ∝ r−2 will become

∝ r−1 below 1mm.

D. Standard model interactions

We have already introduced the particles of the standard model in the previous lecture

notes. This is summarized in Figure 1 below.

FIG. 1: Standard model particles.

But we haven’t discussed in detail the interactions between these particles. These inter-

actions are often represented by Feynman diagrams, which are a pictorial tool for keeping

track and performing the computations associated with any process. We will use them less

formally, mainly as means of figuring out which processes are possible in the standard model,

9
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and evaluating their probability to an order of magnitude. Here are the rules we need:

1. Each force has one or two fundamental Feynman diagrams (see Figure 2), consisting of

three lines connected at a point (a charge-associated vertex), one of which is the cor-

responding gauge boson. (The strong interaction also has a four-gluon diagram which

we won’t use.) Memorizing them is equivalent to knowing the SM group structure.

FIG. 2: The fundamental Feynman diagrams, with illustrative flavor and color choices.

2. The axes of the diagram are space and time, but you are free to move them and the

diagram edges in any way you like. An arrow pointing in the time direction represents

a particle, whereas an arrow pointing against time represents an anti-particle.

3. All charges are conserved at a vertex: you must be able to form a singlet state of the

connected edges. This includes conservation of energy-momentum, a spin-0 combina-

tion, electric charge conservation, leptonic charge conservation, etc.

4. Any diagram you can construct out of these fundamental diagrams is allowed. Closed

lines represent virtual particles, emitted and absorbed. Note that as a fundamental

diagram has three lines, one of these particles must be virtual.

5. Each diagram has an associated QM amplitude M, and probability |M|2. M is

proportional to the product of all vertex charges and all closed-line propagators in the

diagram. Thus, for example, each vertex g leads to a probability factor α ∼ g2.

10
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Another way to pictorially see the SM interactions is given in Figure 3. Here, each

fundamental diagram is associated with a rotation in the corresponding symmetry group.

FIG. 3: Standard model interaction table.

An example of a simple, e + e → e + e diagram based on the combination of two fun-

damental electromagnetic diagrams is shown in Figure 4, in order to show how different

processes can be read from the same diagram.

FIG. 4: Feynman diagrams for the process e + e → e + e. If we read time towards the right,

then the left diagram will mean annihilation of an electron and a positron into a virtual photon,

followed by the creation of a new electron-positron pair. The diagram on the right will represent

an electromagnetic interaction between an electron and a positron, mediated by the exchange of a

virtual photon. Both diagrams will have an amplitudeM∝ e2, and thus a probability |M|2 ∝ α2
E .

We could have the same diagrams with a Z instead of a photon, in which case M∝ g2W /m2
Z .

Simple electromagnetic, weak, and strong interactions are illustrated in Figure 5, each

combining two fundamental diagrams and the exchange of a virtual boson. Note that the

11
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strong interaction between nucleons, mediated by the exchange of a pion, is actually an

interaction between a single quark in each of the nucleons. It involves, in addition to the

exchange of the pion, also two gluon exchanges, as illustrated in Figure 6. The gluon

color interactions within a nucleon are nicely illustrated in the following animation: http :

//upload.wikimedia.org/wikipedia/commons/d/d0/NeutronQCDAnimation.gif .

FIG. 5: Simple diagrams with a single virtual boson exchange.

FIG. 6: A closeup look at a π0 exchange between nucleons. Gluons are colored red for emphasis.

12
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When considering a certain interaction, say e+ + e− → W+ + W−, one must take into

account all the diagrams which may be involved. This includes the mediation of various

virtual particles, not necessarily bosons:

These diagrams contain no closed loops, and are thus called tree-level diagrams. But we

can always add diagrams with loops, such as

These correspond to higher order terms in α. When the theory is perturbative, i.e. α is

small, such terms can be summed over as a converging series or even neglected.

Q: Can you read these diagrams? The left one, for example, reads: after an electron and

a positron annihilate into a virtual boson, the boson propagates a little and creates a new

e+e− pair, which exists for a short while and then annihilates into another virtual boson,

which propagates a little and creates a W+W− pair, finally restoring energy-momentum

conservation. Although complicates, such interactions can have important implications!

E. Coupling constants

We are familiar with the fine structure constant, which in natural units is just the

electric charge squared, αE = e2/(~c) ≈ 1/137. We add the label E to distinguish the

electromagnetic coupling from the other coupling constants in the SM: the weak coupling

αW = g2W/(~c), the strong coupling αS = g2S/(~c), and the gravitational coupling αG.

13
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In analogy with αE, we would like to define αG as a gravitational “charge” squared. It is

natural to choose the proton mass as the charge, whence

αG =
Gm2

p

~c
=

(
mp

mPl

)2

∼
(

10−24g

10−5g

)2

∼ 5 · 10−39 (25)

Wheremp is a proton mass andmPl is the Planck mass. We could have defined αG differently,

for example with the electron mass. (We could have similarly defined αE with the charge of

a down-type quark, e/3.)

As mentioned above, these coupling constants quantify the probability of a fundamental

interaction. Therefore, they give the relative strength of the corresponding force. For

example, the ratio of gravitational and electromagnetic forces between two protons is

FG
FE

=
αG
αE
∼ 5 · 10−37 . (26)

The probability of a process, for example the decay of a heavy particle or scattering

between two particles, is proportional to the relevant α raised to the power of the number of

vertices in the corresponding Feynman diagram. Many processes, such as those illustrated in

Figure 5, involve the exchange of a single virtual boson, and thus include two vertices. This

is why in most cases the decay rate Γ and the scattering cross section σ are proportional to

α2. For instance, the cross section σ for a photon-electron interaction may be represented

as follows, in real space and as a Feynman diagram respectively:

In order to compute a probability, after we determine the α-dependence we still need to

find the relevant dimensional quantities. For example, to find the cross section of the above

process we need to construct units of area. If the photon energy is much lower than the

electron energy, then the only relevant length scale is the electron’s Compton wavelength,

so

σ ∼ α2
Eλ

2 = r2e ∼ σT ∼ 6.7 · 10−25 cm2 ∼ 1 b , (27)

where the unit barn is defined as 1 b = 10−24 cm2.
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This procedure hold for all interactions. Consider for example a gravitational analogue,

say a planet deflected by the mass of a star. For simplicity, say the planet is moving

relativistically. Here, once we chose mp as the charge unit, the charge analogue of a planet

is its mass M in units of the proton mass, Np = M/mp. Thus,

σ ∼ α2
G

(
~
mpc

)2

N2
p =

(
GM

c2

)2

' r2sch (28)

Where rsch is the Schwartzschild radius. For a slow planet, c should be replaced by v in the

denominator.

F. The weak interaction

The weak force is mediated by the W and Z bosons. Their masses are of order 100 GeV:

mW ' 83 GeV and mz ' 93GeV. The Compton wavelength of these particles is therefore

of order

λ ' 0.2(E−1
GeV )f = 2 · 10−16 cm . (29)

This is a very small scale, much smaller than the nucleus. It is this short range, and not the

smallness of αW , which is the reason why the weak interaction seems so weak.

Weak interactions that involve a nucleus can therefore take place only when the incoming

particles overlap with the nucleus. For example, consider electron capture by some nucleus,

e− + A
ZX → A

Z−1X + νe, where A
ZX is some nucleus of atomic number Z and atomic mass A.

The relevant diagram is e− +p→ n+νe, or more accurately e− +u→ νe+W− +u→ νe+d.

Since the range of the W is so small, the cross section for the interaction is proportional to

the size of the nucleus. This is why, as we saw, only K shell (angular momentum l = 0)

electrons participate in the interaction.

What is the equivalent of electric charge for the weak interaction? It is called weak isospin

T , or more accurately the third component of T , denoted T3 [4]. Something seems broken

in the weak sector, as clear from its massive bosons: a true gauge theory has only massless

bosons. Indeed, the weak interactions is a broken symmetry. It is part of the spontaneously

[4] If you are interested to know, here’s how it works: right handed fermions have T3 = 0, so they are all

weak-neutral and do not undergo weak interactions.

Particles with T3 = +1/2: W+, left handed up-type quark, and left-handed neutrinos.

Particles with T3 = −1/2: W−, left handed down-type quark, and left-handed electron-type leptons.
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broken electroweak symmetry, which is restored at high energies. When the symmetry is

restored, the W and Z should become massless, so one can guess that the electroweak scale

is somewhat above 100 GeV. By convention, it is EEW = 246 GeV.

The weak coupling constant αW is found to be roughly intermediate between the strong

and electromagnetic interactions,

αW ≡
g2W
~c
∼ 1

29
. (30)

It can be roughly estimated as such by associating the measured Fermi constant GF =

1.4 × 10−49 erg cm3 with the W propagator, GF ' αW/m
2
W . Indeed, αW > αE, so the

name weak would not be appropriate had the W been massless. It should not come as

a surprise that αW and αE are not so different from each other — they arise from one

broken symmetry. Indeed, the symmetry breaking is characterized by an angle, ΘW , such

that gW ∼ gE/ sin ΘW . As ΘW ' 29◦, the coupling constants are roughly comparable:

αW/αW = sin−2 ΘW ' 4.3.

The weak interaction is important because it is the only flavor changing (u↔ d) interac-

tion, and is the only non-gravitational interaction of neutrinos. In fact, as neutrinos interact

only weakly, they are sometimes ascribed an area (not exactly a cross section)

Aν ∼ αWπλ
2
W ∼

1

29
· 3(2 · 10−16 cm)2 ∼ 4 · 10−33 cm ∼ 4 nb . (31)

For some particles, such as leptons and hadrons in strong-forbidden states, the main

decay channel is weak decay. The particles involved span a huge range of masses, from zero

to > 100 GeV, so the decay times span many orders of magnitude. For example, the decay

time of a neutron (beta decay: n → p + e− + ν̄e) is around τ ∼ 15 min, whereas the decay

time of the Z to hadrons is τ ∼ 10−25 s.

G. The residual nuclear force

The strong interaction, as mentioned above, involves the color charge and is mediated

by the exchange of gluons. Indeed, a gluon exchanged between two quarks in the proton is

what binds together the proton. But before we get into such small scales, we ask what is

the force that keeps protons and neutrons bound together in the nucleus.

Although this force is strong and thus involves gluons, it is not a gluon which is exchanged

between two nucleons: they are too far apart. As we shall see in the next lecture, the strong
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interaction strengthens considerably with distance, so only color singlets can travel outside

a hadron. We say that this is a residual strong force, analogous to the van der Vaals forces

between neutral atoms or molecules.

The actual boson which binds together the nucleus is the pion: the lightest meson (which

thus has the longest range), with mπ ' 140 MeV and spin sπ = 0. There are additional

mesons that play a role here, the most important of which is the ρ-meson, with mass mρ '

775 GeV and spin sρ = 1.

We already know enough to determine the form of the residual nuclear force! The range

of the pion-mediated force is λπ ' 0.2/0.14 f ' 1.5 f, which is indeed the typical distance

between nucleons. As the pion has spin 0, we know that this force attracts nucleons to

each other — this is why nuclei exist. The range of the ρ-meson is smaller by a factor of

λπ/λρ ∼ 775/140 ∼ 6, and its spin 1 implies that it is repulsive. The combination of the π

and ρ (and other, less important) meson-mediated forces leads to the nuclear force which is

repulsive at small scales, and attractive at large scales up to a few f; see Figure 7.

FIG. 7: The residual nuclear force, which binds nucleons in the nucleus.

The balance between the strong attraction and strong repulsion between nuclei, and

the electric repulsion between protons, leads to an approximately fixed distance between

nucleons in the nucleus. Indeed, this is why the radius of a nucleus is well fit by

rN ' A1/3 f , (32)

where A is the number of nucleons.

What is the characteristic 4-velocity of a nucleon (subscript n) in an rN ∼ 1 f nucleus
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(subscript N)? The uncertainty principle yields pn ∼ ~/rN , so

γβ =
pn
mnc

∼ ~
mnrNc

=
λn
rN
∼ 0.2 f

1 f
= 0.2 , (33)

so are dealing with mildly relativistic velocities β ' 0.2. This means we can describe the

nucleus with non-relativistic equations, as we did for the atom. However, fine-structure

corrections, which here are ∝ β2 ' 4%, are more important in the nucleus than they are in

the atom.

Now consider the binding energy of the nucleus. The kinetic energy of a nucleon is

Kn ∼
p2n

2mn

∼ ~2

2mnr2N
=

1

2

1

mnc2

(
~
rNc

c2
)2

=
1

2

1

GeV
(0.2GeV)2 ' 20 MeV . (34)

Thus we are able to use nuclei to estimate the strong coupling αs, because we know that

the kinetic energy is comparable to the pion-mediated coupling energy,

Kn ∼ ∆E ∼ αs~c
rN

e−rN/λπ . (35)

Hence,

αs ∼
1

2

(
~
mnc

)
1

rN
erN/λ =

1

2

λn
rN
erN/λπ ' 1

2
· 0.2 · 2 = 0.2 , (36)

where we used ln 2 ' 0.7. We conclude that at 1 GeV, the stong coupling is of order

αs(1 GeV) ' 0.2 = 1/5 — quite close to unity.
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