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Lecture 14: To Infinity, and Beyond

Prepared by Yossi Naor (revised by Uri), July 11, 2013
In this lecture we will finish our systematic order-of-magnitude estimates of all SM sectors,
find out why the structure of the SM is almost inevitable, and finally handle some of the
QFT divergences we eluded to earlier. In particular, we will see how the diverging self
energy of a charge can be regulated, in a process called renormalization. Although such
divergences have real, measurable consequences, it is possible to write a self-consistent,
predictive theory. Once we have these divergences under control, we will be able to expand
our order-of-magnitude estimates to truly small scales, and to vacuum phenomena.
We begin by reviewing some of the relevant results we saw earlier and need now.

A.

Review: particles and exchange forces

We demonstrated that physics can be described consistently in the language of either
forces acting on particles, or interacting fields, or particle-particle interactions. Out of
these, particles seem to be the most physical entities, whereas fields and forces appear more
like mathematical constructs. Nonetheless, mathematically we found the equivalence
forces


fields





particles

For example, we saw that in the language of fields, the interaction energy between two
electrically charged particles gives the Coulomb force,
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but the self-energy of each particle suffered from a fatal UV divergence, Uself  1~rmin ,
rapidly diverging as the cutoff radius rmin approaches zero. Are we allowed to subtract
infinities from infinity in Eq. (1)? Is our theory even well-defined in such circumstances?
Not really, it turns out. As the saying goes: ”Just because something is infinite, does not
mean it is zero” (Weinberg, QFT). But this is hardly surprising at this level: the classical
theory is missing the protective fuzziness provided by the QM uncertainty. Nevertheless,
as we find below, QFT is not immune from such problems, although the divergence is only
logarithmic and can be controlled to give a self-consistent picture.
1
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In QFT, we studied the nature of the static force between stationary charges, and how
the form of the force is dictated by the identity of the force-mediating boson. Thus, we took
the classical [1] result
∆U
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and interpreted it quantum-mechanically as being associated with bosons created by current
source J1 (actually a charge in the static limit) and absorbed by current drain J2 . While
a full treatment calls for a path integral approach, we do not need to go through the full
formalism in order to appreciate this idea.
Here, Dx  y  and its Fourier transform Dk  are the Green function of the relevant
boson equation; earlier we saw that this equation always reduces to the KG equation when
no other sources are present and the fields are not too strong, so
D k 
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In the QFT language, Dk  is called the Feynman propagator, specifying the contribution
to the amplitude M associated with the propagation of a boson with wave vector k from
[1] To see that Eq. (2) is just the classical result for the interaction energy, recall that for an arbitrary charge
density distribution ρx, the electrostatic interaction energy is given by
∆U
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where J µ ρc, Ñj  is the 4-current, Aµ φ, AÑ is the 4-vector potential, and AÑ is the vector potential.
We already saw that Aµ satisfies the Proca equation, which in the Lorentz gauge reduces to
2
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c

(5)

One way to solve this equation is using the Green function Dx  y , defined by the equation
j2x  λ

2
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where the notation jx means that the derivatives act on xµ rather than y µ . Now we can immediately
write the solution to Eq. (5):
4π
Aµ
(7)
S d4 yJ µ yDx  y .
c
To verify that this is indeed a solution, simply operate on both sides of the equation with the KG operator
2
j2x  λ . Finally, we plug this solution into Eq. (4) to find
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reproducing Eq. (2).
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source 1 to drain 2. Indeed, in Eq. (2), Dk  plays the role of a weight (or a probability)
quantifying the energy contribution of the J2 J1 coupling at wave vector k.


Q: Why bother with such a new interpretation? Can’t we just keep using the classical
picture, rather than deal with virtual particles?
A: For interactions other than electromagnetic, virtual particles are the only tool we have
acquired in this course for dealing with questions such as the nature of the mediated force.
Even for the electromagnetic interaction, the only tool we have for dealing with the UV
divergence is virtual particles, as we shall soon find out.
An immediate result that we could not have easily found in other means, is that the
sign of the force F between like particles, mediated by a boson with propagator Dk , is
proportional to

J2 k Dk J1 k . More generally, if the boson field carries indices, this





becomes J2 00... D00...,00... J 00... because we are dealing with statics. But we must account for


all particles and all polarizations a possible, as they all contribute to the exchange force.
Therefore the general sign of the force can be determined from
F

J 00... Q 00... 00... J 00... ,
a

 

a

(9)

a

where a is the polarization state. This is a powerful result! For a scalar field the polarization is trivial, so we get attraction between like particles. We already showed that this
reverses with spin 1 and again with spin 2. This is a general result:
The force between like particles is

¢̈
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attractive if s is odd;

(10)

repulsive if s is even.

We won’t prove this in general because only the s > 0, 1, 2 bosons are relevant here and
the proof is long.
Eq. (10) explains why:
 the s

0 pion exchange leads to an attractive force between nucleons;

 the s

1 photon exchange leads to a repulsive force between like electric charges;

 the s

2 graviton exchange leads to an ever attractive force: gravity.

What other examples of exchange forces can you think of?
Consider phonons, i.e. the sound waves generated as atoms or molecules in a lattice
oscillate. How does phonon exchange affect like particles? These are longitudinal modes,
3
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0 quasiparticle. Thus, they induce attraction between

like particles, for example between electrons or between electron hole states.
Q: Can this attraction between, say, electrons, overcome the repulsive electrostatic force
between them, resulting in the formation of a bound pair?
A: Yes, pairs of electrons known as Cooper pairs do in fact form due to phonon exchange.
This is the essence of superconductivity! A superconductor is essentially a bose condensate,
formed from (bosonic) electron pairs, which can sustain zero-resistivity currents.
Q: Our analysis was specific to boson-mediated forces. But can there exist a force between
like particles, which is mediated by a fermion? Hint: Try drawing the Feynman diagram of
such an exchange force.
A: No, one cannot draw a diagram for two identical particles undergoing an exchange of a
single fermion. The reason is that, as mentioned earlier (see lecture 12), the vertex must be a
singlet state for all symmetries of the Lagrangian: preserve charge, spin, be invariant under
rotation, time conjugation, charge conjugation, etc. Hence, if a vertex connects two identical
particles — whether fermions or bosons — then the third particle must be a boson (see Figure


1, left). As the diagram shows, one can form a singlet out of s, s, s  spin states only if s



is an integer. You can draw higher level diagrams where only fermions are exchanged (for
example Figure 1, right), but these are suppressed due to the high order. More importantly,
they involve the exchange of an even number of fermions, which is practically speaking the
exchange of a composite boson. (Have we encountered such a case? Yes: pion exchange!).

FIG. 1: Exchange force diagrams. Left: the mediator of an exchange force must be a boson. Right:
an exchange of two fermions is possible, but then this is practically a composite boson exchange.
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Standard Model Interactions

In order to estimate the characteristic of various SM processes, we need to first understand
what kinds of interactions are possible. After briefly reviewing the particles playing a role
in the SM, we discuss the interactions it allows.

1.

The SM structure - review

As we already discussed, the Standard Model (SM) includes 12 elementary spin 1~2
fermions, respecting the Pauli exclusion principle (see Figure 2). Each fermion has a corresponding antiparticle. There are six quarks (up, down, charm, strange, top, bottom) and six
leptons (electron, muon, tau, and a neutrino corresponding to each one of them: νe , νµ , ντ ).
Pairs from each classification are grouped together to form a generation, with corresponding
particles exhibiting similar physical behavior.

FIG. 2: The elementary Particles of the SM.

The defining property of the quarks is that they carry color charge, and hence, interact
via the strong interaction. A phenomenon called color confinement results in quarks being
perpetually bound to one another, forming color-neutral composite particles (hadrons) containing either a quark and an antiquark (mesons) or three quarks (baryons). The remaining
six fermions do not carry color charge and are called leptons. The three neutrinos do not
5
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carry electric charge either, so they interact only through the weak force, and of course
through gravity.
The SM also includes bosons, shown on the right side of Figure 2. These (with the
exception of the Higgs) are spin 1 gauge bosons, which we are forced to include in the theory
if a gauge symmetry is assumed to hold. And as we showed above, the exchange of virtual
gauge bosons, which is an inevitable consequence of the uncertainty principle, is directly
responsible for mediating all fundamental interactions: strong, weak, electromagnetic, and
gravity. All gauge bosons must be massless, unless their symmetry is broken. Fortunately,
such symmetry breaking indeed takes place in the electroweak sector, endowing the W and
Z bosons with mass. (Why fortunately? Because the same symmetry breaking is responsible
for the masses of all the fermions, so you would never have been born without it!)

2.

Mediators of the SM interactions

Does the top quark couple to the Z? Can a gluon scatter a tau neutrino? Does the photon
couple to the W? To answer these questions, we must understand the symmetry structure
of the SM. We start by reviewing the gauge bosons arising from these symmetries:
1. The photon, γ or Aµ — a direct consequence of the U 1E symmetry. Mediates the
electromagnetic interaction between electric charges, known as the theory of quantum
electrodynamics (QED). The only massless survivor of the W 



,0,

and B 0 gauge

bosons of the electroweak U 2L  U 1Y symmetry, which is broken below  100 GeV.
Lagrangian term for Feynman diagrams: gE f¯Af , for fermion f of electric charge gE .
2. W ,W , and Z 0 bosons (superscript is the electric charge) — the massive survivors of




the electroweak broken symmetry. Mediate the weak interactions in which all fermions
participate. While Z couples to all particles, the W couples weakly exclusively to left
handed pairs (or right handed anti-pairs) of fermions: to u, dL , to e, νe L , etc.
¯  for every u, d-like pair.
Lagrangian terms: gW ūL W dL  d¯L W uL  ūZu  dZd




3. Eight gluons G — direct consequences of SU 3C symmetry, mediating the strong interaction known as the theory of quantum chromodynamics (QCD). Carry a combination of color and anticolor charge, e.g. red-antigreen (labeled RḠ), but no other (elec-
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tric or weak) charges. Therefore, couple exclusively to a quark of that color/anticolor.
Lagrangian terms: gS q̄Ga q T for every gluon Ga and quark q

q R , q B , q G  .

Q: If gluons are color-anticolor states, then why are there 8, rather than 3  3
(or 3  2

9 gluons

6, if we forbid neutral, e.g. RR̄ combinations)?

A: Mathematically, we know that SU(N) has N 2  1 generators, so there must be 32  1

8

gluons. To see how this happens, remember that gluons are bosons, and so must actually be
symmetric combinations of color-anticolor pairs. When constructing such combinations, one
recovers the 8 gluons, and in addition one completely symmetric, color neutral state known
as the singlet representation. This state carries no color charge, and so does not exist.
A few comments are in place. First note that the photon is the only one of the above
bosons which does not carry the charge it mediates, i.e. is electrically neutral. Thus, while
photons do not electrically couple to themselves, the W and Z do interact weakly, and the
gluons interact strongly among themselves (they can even form a bound object known as a
glueball).
Second, while gravity is usually not considered as part of the SM, it can also be described
as mediate by a gauge boson called the graviton. This massless, spin 2 boson was not
experimentally confirmed so far. It arises from the diffeomorphism symmetry group, and
has a universal coupling to mass, or equivalently to energy.
Finally, the Higgs boson H 0 deserves a few words, now that it’s finally been discovered in
2012. This is a massive (126 GeV, apparently) spin 0 boson, not associated with any gauge
symmetry. Rather, it is the only survivor of the original Higgs field (two electrically charged
and two neutral components), destroyed in the electroweak symmetry breaking.
Q: Were you not curious why the W



and W



are bizarrely electrically charged? Were

you not concerned that there seem to be too many degrees of freedom (dof) in W and Z?


Namely, while the original W 



,0,

and B gauge bosons were massless and so had only 8

dof altogether, there are now 10 dof in the photon (2 dof) and weak bosons (3 dof for each
massive spin 1 particle). What solves these discrepancies?
A: The answer to both issues is the broken Higgs field. The two charged components hide
in the W and W , whereas one of the neutral components hides in the Z! Sounds crazy?




Well, the LHC finally found the smoking gun — the remaining neutral component.
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3.

SM interactions

Combining the above summary of the SM, and our previous discussion of Feynman diagrams, we now have all we need to see which interactions are possible in the SM:
If a process is allowed, you should be able to draw a Feynman diagram in which each
vertex connects a SM particle and a gauge boson according to the above rules (see also
Figure 3), and obeys the Lagrangian symmetries: is a singlets of all charges, spin, etc.
Some examples of allowed vertices: a vertex connecting a γ with an ingoing and outgoing
fermion f f¯; a vertex connecting a W with a (left handed) pair of fermions of the same type
and generation, such as ū, d¯R or µ, νµ L ; a vertex connecting a G of colors AB̄, with
quarks qA and qB̄ ; etc.
Figure 3 summarizes the fundamental interactions. The W couples to two neighboring
fermions horizontally. The strong force couples two quarks vertically. The photon couples
to all charged particles, and the Z couples to anyone it likes.

FIG. 3: SM interactions table.

Q: For example, test yourself: can a muon interact with a green up quark? How?
A: Such an interaction can be electromagnetic, as both particles are electrically charged —
that’s easy enough. What about a strong interaction? The muon has no color charge, so
that’s not possible. What about a weak interaction? Well, anything a photon can do, so
can a Z — that’s easy. What about the most interesting case: a W -mediated interaction?
This would involve a flavor change: the u must turn into a d, and the µ must become a
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νµ . Can we write a legitimate diagram describing this? You bet. Two diagrams, which are
essentially the same, are shown in Figure 4. The left diagram shows a W emitted by the u


(which thus becomes a d) and later absorbed by the µ , whereas the right diagram shows a


W emitted by the µ and absorbed by the u.






FIG. 4: Feynman diagrams for a W -mediated interaction between a µ and a uG .

Of course, one can construct more complicated diagrams, for example involving loops
(see an abstract illustration in Figure 5), but the simple, so called tree-level diagrams are
usually dominant.

FIG. 5: Feynman loop diagram

Q: As another example, can a uG and a sR make a sB ?
A: No. But they can make a uR and an sG . A sample diagram is shown in Figure 6.

FIG. 6: Example of a strong interaction. It is conventional to draw gluons as double lines: one for
the color and one for the anticolor. Then the lines simply go through from one quark to the next.
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The inevitable structure of the SM

We already discussed (without proof; see lecture 12) how the combination of (i) Lorentz
invariance, (ii) locality (implicit to our analysis), and (iii) a U(1) gauge symmetry,
forces us to introduce a gauge field A, and endow it with a kinetic Lagrangian term
LEM

1~4F µν Fµν



that gives Maxwell’s equations. These three assumptions are therefore

sufficient to obtain QED.
Similarly, one can show that combining Lorentz invariance, locality, and
 SU(2) symmetry, gives the weak interaction (after taking care of symmetry breaking);
 SU(3) symmetry, gives QCD;
 diffeomorphism symmetry, gives GR.

But do we really need to make these gauge symmetry assumptions, which seem somewhat
arbitrary? Weinberg has shown that the answer is no: there is almost no freedom in the
interactions we obtain! More accurately, he showed that the combination of Lorentz invariance, quantum mechanics, and locality, suffice to give the YM+GR structure of the SM for
long range interactions. It is easy to see this from a particle perspective: the massless nature
of the bosons is the key.
Let’s demonstrate this with an example. Say we don’t know anything about gauge
symmetries and the SM. We are looking for long-range interactions, so there must be some
massless bosons mediating them. Moreover, the long range implies that we are interested
in the near-mass shell, q

0 limit. Consider first a boson with spin 1 that couples to some

other arbitrary particles. We soon discover, as shown below, that this charge is conserved!
We already know that such a boson induces a Coulomb force between carriers of this charge.
Continuing along this line of argument, we recover QED entirely.
Locality implies that one can group all boson states into a local field Aµ x. We can
decompose the field into a plane wave with some polarization,
A µ  x

µ eiq x ,

(11)

where q µ is the momentum. Now, here’s the problem: while µ has four degrees of freedom,
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our boson has only two polarizations because it is massless! [2] We would like to write two
Lorentz invariant constraints on µ for the theory to work. We can write  q

0, so the

4-momentum and 4-polarization are perpendicular. But we cannot write a second constraint
— we’re stuck! We are compelled to introduce some redundancy: although  has three dof,
only two of them are physical. We can decide that
µ  µ  αqµ ,
!

(12)

where α is an arbitrary number. This equation states that we choose to identify the LHS and
RHS as the same physical state. In position space, this is equivalent to the gauge freedom
Aµ  Aµ  ∂µ f we discussed.
!

(This redundancy we carry along is disconcerting. It suggests that we are making unnecessary assumptions, in particular the assumption of locality. Indeed, some modern searches
for a unified theory dispose of locality, modeling space as an emergent phenomenon.)
Now consider some interaction between arbitrary particles with masses mi , 4-momenta
pi , and boson couplings charges gi . As always in Feynam diagrams, we represent ingoing and
outgoing momenta and charges with opposite signs. Thus, for example, momentum-energy
conservation is written as

P i pi

0. Can we show that charge is conserved, i.e.

Pi gi

0?

The trick is to consider a slightly revised diagram, in which one of the particles emits our
near-mass shell boson, as shown in Figure 7.

FIG. 7: An unknown diagram of some unknown theory, supplemented by a massless boson emission.
[2] A massless particle of spin s A 0 has exactly two polarizations, or equivalently two helicity states. It does
not have a rest frame, otherwise in this frame we would be able to rotate one spin state into another,
recovering 2s  1 polarizations.
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To see how the emission of the boson changes the amplitude of the diagram, we need
to know something about the form of the coupling between the boson, given by Eq. (11),
and the relevant particle, of momentum pi . The lowest order coupling must be a Lorentz
invariant that depends somehow on pi and A. Clearly, it must be proportional to gi pi .
Noting that before the emission of the boson, the particle i had momentum pi  q and was
virtual, we find that the amplitude correction is


Q pi giqpi2  m2  Q g2pipii


i



i

i


,
q

(13)

where the denominator is the particle propagator, and we summed over all possible particles
which could emit the boson. Finally, this physical result should not change under the
redundancy µ  µ  αqµ of Eq. (12), which implies that
!

0

Q gpipi i qq Q gi .
i

(14)

i

Indeed, we proved charge conservation! From here it is straightforward to recover QED.
We can similarly examine different bosons and recover the entire YM+GR structure. For
example, it is easy to show that a massless, spin 2 boson must have a universal coupling
gi

const.

G to the energy of all particles in the theory, leading to GR (homework

problem). One can further show that massless, interacting bosons can only have spins
s > 0, 1~2, 1, 3~2, 2, that there can be only one such boson of spin 2, etc. Interestingly, we
already know of all these bosons, except for the one with s

3~2. Its presence, tightly related

to the existence of supersymmetry, may be found by the LHC. So does Nature provide us
with all the particles it is allowed to?
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Estimating fundamental processes

Now that we understand the (inevitable) structure of the SM and the interactions it
allows, we proceed in our quest to estimate these processes, in particular the cross sections
for the different interactions and the decay rates of the various particles.
As we already saw, we essentially need to compute the rates of quantum transitions of
the particles involved. So our estimates are based on the Fermi Golden Rule, stating that
the probability per unit time of a transition between two eigenstates f
Γf i

 i is given by

2
2π
E 
ρ
UMf i U .
f
Ò
h

(15)

E 

Here, Mf i is the amplitude of the transition; the superscript indicates that it has units
of energy. It can be a sum of various channel amplitudes, Mf i

Pj Mf i,j .

The kinematic

term (colored blue) ρf is the density per unit energy of final states.
For any type of diagram, we can turn this into a probability (either scattering or decay)
by studying the relevant kinematic factors. These computations are simple but lengthy, so
we avoid them here and simply state the final results. The full derivations can be found in
any particle physics textbook, such as the references provided in lecture 12.
Thus, the decay rate of a particle labeled 0 into two particles labeled 1 and 2 can be
written as
1
SpÑ1 S
2
S 2 TMp T ,
(16)
Ò
8π h mo c
where S is a combinatorial factor (colored green) consisting of terms of the form 1~n!,
Γ

accounting for the n identical particles in each final state.
momentum, and SpÑ1 S

Ñ2 S
Sp

p

Here, Mf i has units of

are measured in the center of mass frame (i.e., the decaying

particle’s rest frame). Similarly, the differential scattering cross section for two particles is,
in the center of mass frame, given by
2
Ò
SpÑf S~SpÑi S
hc
dσ
2

 S
SMS ,
(17)
dΩ
8π
E2
where here M here is dimensionless, E is the (conserved) total energy, and pi , pf is the mo-

mentum (of either particle) before, after the scattering. For elastic scattering, the kinematic
factor simplifies to E 2 .


Now, to estimate a certain process, such as the decay of a particle,
1. Draw the Feynman diagram of the process, confirm that it is allowed;
13
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2. Count the number n of vertices: SMS2  αn with the relevant coupling constant;
3. If possible, use dimensional analysis for a rough estimate;
4. If possible, use the kinematic terms to improve the estimate.
We caution that sometimes, when the kinematic terms of the initial or final particles span
many orders of magnitude, it may not be possible to obtain a good order-of-magnitude
estimate without actually solving some integrals.
For example, consider the decay of a π 0 . After sketching a few diagrams, one finds that
it is dominated by the decay into two γ-rays, π 0

γγ. After plotting the corresponding

Feynman diagram — see Figure 8 — we count that it includes n

2 electromagnetic vertices.

2
Therefore, SMS2  αE
.

FIG. 8: Illustration of π 0 decay into two γ-rays.

Now, the π 0 mass is mπ c2

140 MeV, and this is the only relevant dimensional parameter.

We may thus estimate the decay rate from dimensional analysis alone,
Γ

2
αE
mπ c2
1 140 1.6 10

Ò
h
1372
10 27





6

 1019 s 1 .

(18)



We cannot rest yet, as the kinematic terms may introduce an error much larger than an
order of magnitude. We can improve the answer by using the kinematic terms in Eq. 16.
We thus need to determine a characteristic momentum, to enter both the kinematic term
and the amplitude. Roughly speaking, each photon gets about half of the π 0 energy, so
p  mπ c~2. We thus find that
Γ

2
2
1 p 2 2
1 p3 α E
1 m π c2 α E
α
p


 5 1016 s 1 .
3
Ò m2 c E
Ò m2 c
Ò
8π h
8π
h
8π
h
2
π
π
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Indeed, the experimental result is Γ  1.2  1016 s 1 . (The discrepancy factor is due to a


complication: the broken π 0 internal structure, shown as a circle in Figure 8).
With this, we have provided illustrative estimates for all sectors of the SM, except for
the strong force between quarks; see Figure 9. In order to address this problem, we must
first discuss the running of the coupling constants.

FIG. 9: Back of the envelope estimates of SM processes.
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Running of the coupling “constants”

We already estimated the coupling constants of the four fundamental interactions, as
shown in Figure 9 (at 1 GeV energy). But are these really constants? They are defined
as α

Ò , i.e. the relevant charge unit squared. But we already saw that properties
g 2 ~hc

such as the charge or mass of a particle are influenced by its self-interaction, and so vary
with distance from the particle. Equivalently, as length and energy are intimately related
1
f), the charge — and therefore
through the uncertainty principle (according to λ  0.2EGeV


the coupling strength — should depend on the energy scale of interest!
To study such effects and reveal how α depends on energy, we consider a free charge placed
in different physical settings, from the simplest (plasma) to the most difficult (QCD).

1.

Screening in plasma

In plasma we have free positive and negative charges. When a test charge Q is placed
in plasma, the free charges move in response to the additional force, and readjust as to
practically screen the presence of the change at large distance. This effect, called electrostatic
screening, is illustrated in Figure 10.

FIG. 10: Illustration of electrostatic screening. (Figure from wikipedia.)

To estimate this effect, we adopt the Debye-Hückel approximation, in which the plasma
is assumed to be in thermal equilibrium at high temperature. For a Maxwell-Boltzmann
distribution, the number density of species i (say, electrons, ions of type A, ions of type B,
etc.) is given by
ni  r 

ni0 e



q i φ r 
kB T

,

(20)

where φ is the electric potential (caused by the entire system, including Q), qi is the charge
of the species i, and ni0 is its normalization, given by the number density of the species
16
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before the test charge was introduced. Maxwell’s first equation now becomes
©

2

φ  Qδ 3 r

4π Q qi ni r  4π Q qi ni0  4π



i

i

φr
Q q2ni0  φ~λ2D ,
kB T i i

(21)

where we placed the test charge at the origin, took only the first two terms in the high
temperature approximation of ni , used the neutrality condition Pi qi ni0
Debye length

¾

λD 

0, and defined the

1~2

kB T Ry
kB T

20


4π Pi ni0 qi2
ne cm 3 


m,

(22)

where the numerical estimate pertains to an electron-proton or electron-positron plasma.
The electric potential can now be solved (use the substitution ψ r  rφ),
Q
e
r

φ r 



r~λD

,

(23)

giving the electric field (denoted E to distinguish from the energy E),

EÑr

Ñφ

©

Q
e
r2



r ~ λD

1 

r
 r̂ ,
λD

(24)

and the electric permittivity,

where D

e r ~ λD
,
1  λrD

D
E

(25)

Q~r2 is the displacement field (satisfying Maxwell’s

Ñ

©

Ñ
D

4πρf ree ). We are

interested in the interaction between two charges in a medium, so the relevant quantity is
Q2ef f r  Qr2 E
which in plasma we found to be Q2ef f

Q2 e



Q2
,


r~λD 1  r ~λ .
D

Note that in plasma, the screening is complete (Q2ef f

(26)
This is illustrated in Figure 11.

0) at large separations.

FIG. 11: Screening in plasma in terms of Q2ef f r in plasma.
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Screening in an atomic or molecular gas

Now consider an atomic or molecular gas, with no free charges. Although the atoms
or molecules don’t move significantly in response to our test charge Q, they can become
polarized as the charge distribution around each rearranges itself to form a small dipole.
The idea is illustrated in Figure 12.

FIG. 12: Induced dipoles due to a test charge Q A 0 introduced into an atomic or molecular gas.

In such a medium, the electric permittivity  is related to the polarization density P and
to the electric susceptability χ

P ~E through


D
E

E  4πP
E

1  4πχ .

(27)

Quite generally, the susceptibility of an atom or a molecule is approximately its volume.
Let’s demonstrate this with a simple toy model.
For simplicity, let’s consider an atom and approximate it as a nucleus of charge



Ze,

surrounded by a spherical cloud of uniform electron density, which can translate but not
deform in response to an external field E. Denote the radius of the cloud by a, and the shift
in the electron cloud position by d, as illustrated in Figure 13.

FIG. 13: Toy model of a polarized atom.

The charge density of the electron cloud is therefore ρe



Ze~ 4~3πa3 . If it shifts by

a distance d, then the electric field at the nucleus, which must vanish in a steady state, is
18
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given according to Guass’ law by

Etot
This fixes d

E

1
4π 3
ρe
d
d2
3

E

Zed
a3

!

0.

(28)

E a3 ~Ze, such that
χatom

P
E

Zed
E

a3 .

(29)

To obtain the susceptibility of the gas, we simply need to multiply this by the number
density of atoms, so χ

na3 . This result seems, but is not really independent of distance

from the test charge. It breaks down at distances P n



1~3 ,

where no atoms are available for

screening or their polarization is ineffective. We conclude that

Q2ef f

Q2


¢̈
2
¨
¨
¨Q
¦
2
¨
¨
¨ Q 3
1
4πna
¤̈

at distances r P n
at r Q n





1~3 ;

(30)

1~3 .

This behavior is illustrated in Figure 14. Note that in the absence of free charges, such
screening is never complete, but rather saturates beyond  n



1~3 .

If some free charges are

present, Debye screening eventually takes over.

FIG. 14: Screening Q2ef f r for a gas of atoms without (black) and with (red) free charges.

3.

Screening in the QED vacuum

In vacuum we have no atoms, molecules or free charges, so one might think that Qef f

Q

is constant at any distance/energy. This is true for large distances, r A λe , or equivalently
for low energies, E @ me c2  MeV. However, at higher energies we enter the realm of QFT,
where particle can spontaneously be created and destroyed. Any fundamental particle may
19
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thus appear, burrowing energy from the vacuum for a short time. One way to see that such
particles must appear, is that there is an uncertainty principle between the value of any field
and its time derivative, so no particle field can be zero over a finite time interval.
The lowest-energy charged virtual excitation is the electron-positron pair (1 MeV), as
shown in Figure 15. The pair acts as a tiny dipole, responding to the presence of our test
charge much like an atom would. A similar behavior is expected from every charged particle
in the SM, so we must take them all into account. Our next task, then, is to compute the
properties of the screening by charged virtual pairs.

FIG. 15: Electron-positron pair created from the vacuum and quickly annihilated.

For an atomic gas we found χ  na3 , so a similar behavior is expected here: χQED

na3 ,

where n and a are the number density and length scale of virtual pairs. The latter is easy:
the typical length scale of a virtual pair is its Compton wavelength, λ

Ò ~E. But how do
hc

we estimate the density of pairs?
First, note that a virtual pair is a composite boson. It is useful to think of the vacuum
as a collection of harmonic oscillators, one for each such boson. A high excitation level of
such an oscillator corresponds to the presence of many pairs. However, even in vacuum
Ò ~2
there is always some energy, namely the zero point energy hω

E ~2, associated with the

oscillator [3]. So the number density of pairs in vacuum is simply the number density of
boson excitation states, which we already know to be
n ω 

4πω 2
.
2πc3

(31)

So far we only discussed electron-positron pairs, and did not include their probability of
[3] Interestingly, already in 1913 did Einstein and Stern find experimentally, by studying the specific heat of
hydrogen at low temperatures, that
Ò
Ò
hω
hω
E

,
(32)
Ò
hω
2
e kB T  1
where the last term is the zero point energy.
In passing, note the implied huge energy carried by the vacuum. It has some measurable implications, as
demonstrated by the Casimir effect (homework).
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exchanging a photon. To compute the number density of polarizing pairs, we thus need to
multiply Eq. (32) by the charged pair creation probability SMS2

ηαE Nc . Here, η is an

unknown dimensionless number of order unity, and Nc E  is the number of particle species
that contribute pairs of charge q at energy E, weighted by q ~e2 . Combined, this yields
nE dE

Mnω dω

Ò such that a  λ
E ~h

where ω

ηαE Nc E 

4πω 2 dω
2πc3

ηαE Nc E E 2 dE
,
Ò 3
2π 2
hc

(33)

c~ω.

We now compute the susceptibility at energy E0 , by integrating over all relevant pairs:

SE

χE0 

Emax

nE λ3 E dE

min

ηαE
2π 2

SE

Emax

min

Ò 3
Nc E E 2 hc

 dE
Ò 3
hc
E

ηαE
Emax
,
N̄c ln 
2
2π
Emin
(34)

where N̄c is the mean value of Nc averaged over the relevant energy range. What are the
limits on the integral? As we are looking for polarization on the scale λE0 , we can ignore
pairs of lower energy: they are ineffective in inducing polarization on such small scales.
Hence, we should take E0 as the lower energy limit. This is precisely equivalent (check it
out!) to requiring that λE0  A nE 



1~3 ,

as we did for screening in an atomic gas.

On small scales, on the other hand, there is no natural cutoff, so it seems we should take
Emax

. How can we proceed with this terrible UV divergence? This was considered a

ª

major failure of QED, but it was eventually understood (largely by Kenneth Wilson; 1982
Nobel prize) that one can write all physical results independently of Emax . Such safe theories
are called renormalizable, and it turns out that QED, QCD, and the electroweak theories
indeed fall in this class. We demonstrate this below for QED.
For the time being, we behave as if the “true” or bare charge at Emax exists, and write
Q2ef f E 

QEmax 2
1  4πχ

Q2 Emax 
.
Emax


1  2η
α

E

N̄
ln
E
max
c
π
E

(35)

Ò and rearranging per convention, we get the coupling constant behavior,
Dividing by hc

α E 

Q2ef f E 
Ò
hc

E2
αEmax 
η
, where AE1 , E2   αEmax N̄c ln  12  ,
1  AE, Emax 
π
E2

(36)

and we wrote α instead of αE for brevity. But are we hopelessly stuck with Emax quantities?
We know from experiment the value of αE at low energies, say αE
but is this enough to get rid of Emax ?
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It turns out, by the “renormalization miracle”, that we can in fact get rid of Emax :
α E 

αEmax 
1  AE, Ee   AEe , Emax 

αEmax 
1  AE, Ee   1 

α E e 

αEmax 
αEe 

,
2

1  πη αEe N̄c ln  E
Ee2
(37)

so a single measurement at some energy is sufficient to give a well defined theory. This did
not have to happen: there are theories where Emax doesn’t cancel. A lengthy computation
of a series of loop Feynman diagrams yields η
1
αE E 

1~3 for QED. Hence, we conclude that

1
N̄c
E2

ln  2  .
αE Ee  3π
Ee

(38)

This energy-dependent behavior of α is called “running of the coupling constant”.
As Figure 16 (left) shows, the QED coupling αE is constant below  1 MeV, where pairs
are suppressed (N̄c

0), but grows gradually stronger at higher energies (or smaller scales).

The factor N̄c grows every time the energy E coincides with the energy of a charged SM
particle, as it starts contributing to the polarization. Consequently, the running gradient is
almost discontinuous. The mass scales of SM particles are sketched in Figure 16 (right).

FIG. 16: Left: Inverse of the QED coupling constant, αE1 running as a function of energy E. Each


break corresponds to a species polarization becoming available for forming pairs. Right: mass
scales of SM particles. The LHC is planned to reach 14 TeV.

Q: As an illustration, consider the experimental result αE EZ  100 GeV  1~128. Can
we recover it?
A: First count relevant pair species. The particles that contribute pairs at 100 GeV are the
three charged leptons (e, µ and τ ; q 2
q2

e2 ), the two light up-like quarks (u and c but not t;

4e2 ~9, three colors each), and the three down-like quarks (d, s, and b; q 2

e2 ~9, three

colors each). Thus,
Nc 100 GeV

3 12
22

4
1
33
3
9
9

20
.
3

(39)
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We need Nc averaged between Ee and EZ , so we crudely estimate N̄C  10~3. Therefore,
10~3
100 GeV
1
 137 
ln 
 2  128.4 ,
αE 100 GeV
3π
0.5 MeV

(40)

in good agreement with the measurement.
Notice that Eq. (38) implies a divergence of αE when the RHS vanishes. To figure out
at what energy this happens, start from αE EZ  1~128, and run to high energy. Here
we should include the top quark, so N̄c  Nc Q 100 GeV

Nc 100 GeV  1

4~9

3

8.

Solving for the divergence at the so-called Landau (or Moscow) pole energy EL , we find
EL  e24π Ez  5 1034 GeV .

(41)

This tells us that QED is only an effective, low energy theory, that must be replaced by a
more fundamental theory at such a high energy scales. This is hardly surprising: we already
know that a more general theory is necessary at the Planck scale,  1019 GeV, far below the
Landau pole.
One last comment regarding QED. We discussed the UV divergence of the mass due to
self-interaction, but only classically. A QFT computation analogous to that of the running
coupling constant yields
mE 

mEe  1 

E2
3αE
N̄c log  2  .
4π
Ee

(42)

Thus, the mass becomes smaller at high energies (small distances), and would vanish eventually, but this occurs only logarithmically, and the pole energy is irrelevantly high.

4.

Anti-screening in the QCD vacuum

In QCD, the same type of screening by virtual pairs takes place. Thus, q q̄ pairs tend
to screen the color charge. However, QCD has an additional complication: the gluons
themselves carry color charge, resulting in antiscreening. This arises from the non-Abelian
nature of the SU(3) group, implying that the corresponding Maxwell equations are nonlinear.
The nonlinear terms lead to an interaction between an external field and fluctuations of the
other colors, which tends to amplify the original field.
To see this, consider Gauss’ law, which may be written as
Ñ

©

EÑa

4πgS Qa  gS fabc AÑb EÑc ,
23
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where gS is the strong charge, a, b, c are color indices, and fabc gives the group structure.
For a simpler, SU(2) group structure fabc

abc , it is easy to demonstrate that the field due

to the first, Qa term is amplified by the second term (homework).
It is instructive to consider a simple toy model, in which the non-linear interaction occurs
when the electric fields are perpendicular also in real space, and not only in color space,
∆EÑa  abc EÑb  EÑc .

(44)

Here (and in Eq. (43)), two fields of different colors create a third field with the third color.
Consider a charge of color 1 at the origin (See Figure 17). It generates an outward field of
color 1. Say there is a fluctuation δ EÑ2 away from the origin. Due to the interaction between
Ñ  δE
Ñ . Finally,
colors 1 and 2, a field ∆EÑ3 will be generated, according to Eq. (44): ∆EÑ3  E1
2

the fluctuation δE2 and the generated ∆E3 will interact to amplify E1 :
∆EÑ1  δ EÑ2  ∆EÑ3

2

δ EÑ2  EÑ1  δ EÑ2 

δ EÑ2 EÑ1  δ EÑ2 EÑ1 δ EÑ2 .

(45)

The first term on the RHS always point along E1 , amplifying it. The second term partly
cancels when the fluctuation δ EÑ2 is averaged over all directions. Thus we get an overall
anti-screening effect.

FIG. 17: Toy model of antiscreening.

It turns out that antiscreening by gluons is 12 times stronger than their screening, such
that each color contributes 12  1

11 to the Nc of QCD running. Taking into account the

competing quark and gluon effects gives
1
αs  E 
where Nf

1
1

2Nf
αs ΛQCD  12π



6 is the number of quark flavors, and Nc

11Nc  ln 

E2
,
Λ2QCD

(46)

3 is the number of colors. Therefore,

gluon anti-screening wins over q q̄ screening. Here, ΛQCD

220 MeV is the QCD energy

24
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1. The numerical coefficients in Eq. (46), for example

1~12, differ from QED due to the different group structure.

As Figure 18 shows, QCD runs opposite to QED. At high energies (small separations),
QCD becomes weaker, so much so that quarks are nearly free inside the proton, for instance.
This is called asymptotic freedom (Nobel prize 2004: Ilczek, Gross & Politzer). In contrast,
at large separations (low energy), QCD becomes exceedingly strong. So much so that it is
virtually impossible so separate two quarks (for example in a pion) and find color charge in
isolation. This is called color confinement.

FIG. 18: Running of the strong coupling constant.

Now that we have QCD running under control, we can complete our SM estimate table
in Figure 20. First, using Eq. (46), we find that αS 1 GeV  0.3, quite close to our 0.2
estimate. Next, due to rapid running of QCD, we see that ΛQCD plays a major role as the
characteristic length and energy scale for strong interactions.
For example, particles that decay via the strong interaction typically have masses in the
range 100 MeV–few GeV. Since αS  1, and the only length scale in such a process is l  1
f, the decay times are always of order τ  l~c  3  10



24

s 1 . They appear as resonances of


Ò ~τ  Λ
width Γ  h
QCD .

Similarly, the cross section for a strong interaction between relativistic particles, where
l is the only length scale, is of order πl2  3  10
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cm

30 mb. For non-relativistic

particles it is larger (homework). What is the typical quark velocity inside the proton?
Consider a down quark (md c2  5 MeV). The uncertainty principle gives pd  ΛQCD ~c, so
γβ

pd ~md c

ΛQCD ~md c2   40, and the quark is highly relativistic. The up quark has
25
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half the mass, so we get γ  80.

5.

Running: summary

Figure 19 (left) shows the running of the four fundamental interactions. The weak interaction running is intermediate between the strong and electromagnetic interactions. Gravity
becomes very strong at very small scales, near the Planck scale (homework). It is interesting
to note that the three coupling constants of the SM approach each other near  1016 GeV.
This is called the grand unified theory (GUT) scale. It is thought that the three forces unify
above this energy scale, but we still don’t have proof.
Also interesting to note is that in minimal supersymmetry (SUSY; see Figure 19, right),
due to changes in Nc as new particles emerge at  104 GeV, the three couplings intersect
beautifully. This is one of several reasons why SUSY is widely believed. The LHC stands a
chance of identifying a SUSY signature.

FIG. 19: Running of the coupling constants for the fundamental interaction, without (left) and
with (right) minimal SUSY.
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FIG. 20: Summary of SM estimates for all sectors.
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