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2.1 Natural and laboratory realizations of pattern for-
mation

The term “pattern formation” refers to processes by which positive feed-
backs operating at small spatial scales give rise to spatial self organization
at large scales that results in stationary or time-dependent spatial patterns.
Numerous examples of such processes have been found and studied in var-
ious fields of science, including fluid dynamics, chemical kinetics, nonlinear
optics and geophysics. Much of our understanding of pattern formation phe-
nomena derives from controlled laboratory experiments conducted on simple
model systems. Following a brief description of patterns in nature and some
of their characteristic features (Section 2.1.1), we introduce two experimen-
tal model systems, the Rayleigh Bénard thermal convection system (Section
2.1.2) and the Belouzov-Zhabotinsky chemical reaction (2.1.3). Both systems
show a variety of pattern formation phenomena and have played important
roles in uncovering general mechanisms of pattern formation and dynamics.

2.1.1 Patterns in nature

A common feature of spatially extended nonequilibrium systems is the pos-
sible emergence of ordered patterns with characteristic length scales. Plenty
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of natural examples of this phenomenon exist, including cloud streets, sand
ripples, stone patterns and vegetation patterns (Fig. 2.1). A fascinating as-
pect of these pattern-formation phenomena is that the order is not imposed by
any external factor; it rather results from positive feedbacks operating at small
scales, that give rise to self-organization and pattern formation at large scales.
We will discuss these phenomena in two specific physical contexts shortly, but
some of the underlying principles can already be stated. A uniform force that
drives a uniform system out of equilibrium can break the spatial uniformity of
the system and induce spatially periodic patterns. The transition to the pat-
terned state is not gradual; spatial variability appears only beyond a critical
force strength. We call such a phenomenon a symmetry breaking instability.
Although we generally cannot prove the emergence of patterns in nature from
symmetry breaking instabilities, we often do make this association, relying
on experimental studies of model systems and on mathematical analyses of
model equations.

Another principle of pattern formation relates to the universal nature of
these phenomena, that is, to the observations of similar patterns, such as
stripes, hexagons and spiral waves, in completely different physical contexts.
Stripe patterns, for example, appear in clouds, in dryland vegetation and in
animal coat patterns, although the mechanisms responsible for these patterns
are obviously specific to the system in question, and differ from one another.
The universality of pattern formation phenomena is tightly related to the
symmetry breaking instabilities that induce patterns; different systems that
go through the same type of instability behave similarly close to the instability
threshold.

Pattern formation is an example of an emergent property [3], that is,
a property that appears at the system level, i.e. the level of clouds, sand
dunes, or patchy landscapes, and often has no meaning at the level of the
system’s constituents (water molecules, grain particles, or plants). It is a self-
organization process, whereby small-scale interactions give rise to large-scale
order, but large-scale pattern dynamics may also feed back on small-scale
processes. Studying pattern formation and pattern dynamics is therefore sig-
nificant for understanding bottom-up and top-down cross-scale processes in
complex natural systems.

2.1.2 The Rayleigh-Bénard system

A classical experimental model for pattern formation is the Rayleigh-
Bénard (RB) system of thermal convection [38, 21]. Consider a fluid at rest
in a cell that is heated from below. If the temperature difference between the
bottom and the top plates of the fluid cell is smaller than some critical value,
∆T = Tbot − Ttop < ∆TC , the fluid remains at rest and the heat transfer up-
ward is done by molecular conduction. However, when ∆T > ∆TC convection
sets in, generating ordered parallel fluid rolls as illustrated in Fig. 2.2. The
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FIGURE 2.1: Patterns in nature. From left to right: cloud stripes, sand
ripples on a dune [13], stone patterns [125] and grass patterns [265].

number of rolls is approximately determined by the ratio of the cell’s length
to the cell’s height, the so called aspect ratio.

FIGURE 2.2: Schematic representation of convection rolls in the Rayleigh-
Bérnard system. The cell is of depth d with temperature at the bottom Tbot =
T +∆T higher than that at the top Ttop = T . From [47].

Why is there an instability beyond a certain temperature difference? Imag-
ine a fluctuation in which a fluid particle1 at some height has a temperature
which is slightly higher than the surrounding fluid at that height. Because
of thermal expansion the fluid particle will have a lower density than that of
the surrounding fluid (i.e. will be lighter) and will tend to move upward. As
it moves upward the surrounding fluid becomes yet colder and the buoyancy
force upwards increases. This is a positive feedback between the height of the
fluid particle and the buoyancy force; the higher the particle’s position the
stronger the force and the stronger the force the higher the particle’s position.
Besides the buoyancy force there are also processes that act to stabilize the

1By a “fluid particle” we mean a parcel of fluid which is very small on a macroscopic
scale, but still very large on a microscopic scale.
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rest state. Fluid viscosity induces transfer of linear momentum from the up-
ward moving fluid particle to its neighborhood, thus reducing its momentum
and speed. Also thermal conduction induces diffusion of heat from the fluid
particle to its colder neighborhood, thus reducing the buoyancy force that
drives the fluid particle upward. The instability therefore sets in at a critical
temperature difference, ∆TC , at which these stabilizing factors just balance
the destabilizing buoyancy force.

The instability can be induced by varying other parameters that affect the
buoyancy force or the stabilizing factors: the coefficient of thermal expansion,
α, the thermal diffusivity, κ, the fluid’s kinematic viscosity, ν, the gravitational
acceleration, g, and the hight of the fluid layer, d. The instability can be
induced, for example, by increasing α which strengthens the buoyancy force,
or by decreasing κ and ν, which weakens the stabilizing factors. The effects of
all parameters are lumped together in a single dimensionless parameter, the
so called Rayleigh number R, given by

R =
αg∆Td3

κν
. (2.1)

The instability sets in as R exceeds a threshold value Rc. The Rayleigh number
is generally increased by heating the bottom plate, i.e. by increasing ∆T . The
roll patterns that form beyond the instability point can be visualized by the
shadowgraphy method. This method makes use of the fact that the index of
refraction varies weakly with temperature; warmer (colder) fluid regions have
lower (higher) index of refraction. Since the temperature varies periodically
across the rolls, so does the refraction index. Passing a beam of light through
the fluid layer, results in a pattern of alternating bright and dark stripes. The
bright stripes correspond to regions of cold fluid flowing downward, that act
as converging lenses because of the higher refraction index. Figure 2.3 shows
examples of roll patterns observed with the shadowgraphy method.

2.1.3 The Belouzov-Zhabotinsky reaction

The Rayleigh-Bénard system is an example of an experimental pattern-
formation model associated with fluid motion. Chemical reactions provide
another type of experimental pattern-formation models. A classical example is
the oscillatory Belousov-Zhabotinsky (BZ) reaction [74], a catalytic oxidation
reaction of malonic acid in an acidic bromate solution. A nice aspect of this
reaction is that the oscillations are clearly visible to the bare eye because of
the different colors associated with the two oxidation states of the catalyst.
The mechanism of this reaction has been worked out by Field et al. [75]
and contains many elementary reactions. A reduced model (the Oregonator),
consisting of only five reaction steps, captures many qualitative aspects of the
BZ reaction dynamics [76]. The five reaction steps are:
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FIGURE 2.3: Regular (a) and chaotic (b) roll patterns in a Rayleigh-Bénard
convection experiment. From [21].

A+W → U + P , (2.2a)

U +W → 2P , (2.2b)

A+ U → 2U + 2V , (2.2c)

2U → A+ P , (2.2d)

B + V → hW . (2.2e)

where A = BrO−
3 (bromate ions), W = Br− (bromide ions), U = HBrO2

(bromous acid), P = HOBr (hypobromous acid), V is the oxidized form of
the catalyst (e.g. cerium Ce4+), B = CH2(COOH)2 (malonic acid), and h is
a stoichiometric coefficient (note that this simple model is not stoichiometri-
cally balanced). The key steps in this reaction scheme are (2.2b) and (2.2c).
Both steps compete for U , but while U is consumed in (2.2b) it is autocatalyt-
ically produced in (2.2c). An initial access of W eliminates U in step (2.2b)
before step (2.2c) becomes significant. However, as W drops down step (2.2c)
takes over. This step involves a positive feedback (U accelerates the growth
of itself), which leads to fast exponential production of U . The production
of U is accompanied by the production of V , which changes the color of the
solution. The growth of U is slowed down in step (2.2d) which, together with
step (2.2e), brings the system to the starting point and to the initiation of a
new cycle. The chemical composition needed to initiate the reaction consists of
an acidic aqueous solution containing bromate ions (e.g. potassium bromate),
malonic acid, bromide ions (e.g. potassium bromide), and a metal catalyst in
a reduced form (e.g. cerium Ce3+).

The BZ reaction is an example of an activator-inhibitor system. In such a
system, the activator is a substance that “activates” the growth of itself and of
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another substance - the inhibitor. The inhibitor inhibits the growth of the ac-
tivator and often the growth of itself too. In the BZ reaction U plays the role of
the activator and V the role of the inhibitor. Quite often the activator changes
on a time-scale significantly shorter than that of the inhibitor. The oscillatory
dynamics of the activator and related agents then involve alternate phases of
slow and fast dynamics as Fig. 2.4 shows. Oscillations of this kind that in-
volve two distinct time scales are often called “relaxation oscillations” [239].
In spatially extended systems with diffusive coupling such oscillations can give
rise to traveling-wave phenomena; diffusion of the activator to its neighbor-
hood, before it is damped by the inhibitor, can induce its growth there and
therefore its spatial spread. Sufficiently fast inhibitor diffusion, on the other
hand, can give rise to stationary patterns; the fast inhibitor diffusion away
from an activated domain prevents the local decay of the activator and also
the activator’s spread to the highly inhibited neighborhood of this domain.
In the BZ reaction the activator changes on a time scale much shorter than
that of the inhibitor, and the inhibitor diffusion is sufficiently slow to allow
for traveling waves.
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FIGURE 2.4: Relaxation oscillations in the BZ reaction. Shown are time sig-
nals of log [Ce4+]/[Ce3+] (top) and log [Br−] (bottom). The oscillation period
is of the order of 102s. Adopted from [75].

Early pattern formation experiments in the BZ reaction were made in
closed systems (petri-dish experiments) with the inevitable approach to a sta-
tionary, uniform equilibrium state. Even in these simple experiments striking
traveling-wave phenomena, such as spiral waves, have been observed [270].
More recent experiments have utilized open systems which are continuously
fed with fresh chemicals so as to keep the system at a fixed distance from
equilibrium [242, 16]. A typical experimental setup consists of a thin reactor
layer containing an inert gel or a porous glass that allow diffusion of the re-
actants but damp convection. The reactor layer is in diffusive contact with
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one or two stirred reservoirs which are continuously fed with fresh reagents.
The reaction dynamics can be controlled by varying the flow rates of chemical
reagents, such as bromate or malonic acid, into the reservoirs. The advantage
of this type of setup is that it allows conducting long experiments which are
needed in studying instability phenomena.

FIGURE 2.5: Patterns in a reactor of the light sensitive BZ reaction whose
lower half is subjected to periodic illumination at twice the natural frequency
of the reaction. The unforced reaction (upper half) shows a rotating spiral
wave, while the forced reaction shows a labyrinthine standing-wave pattern.
The labels A and B denote points that oscillate out of phase. From [198].

Various modifications of the BZ reaction have been studied. One type of
modification is the replacement of the metal catalyst, Ce3+, by other metal
ions such as Fe2+, Mn2+ and Ru2+. Of particular significance is the use of
ruthenium (Ru2+) as the catalyst. This modification makes the chemical ki-
netics sensitive to light, and allows studying the effects of forcing the chemical
oscillations by periodic illumination in time or in space or in both. Experi-
ments on the light-sensitive BZ reaction, subjected to time-periodic, spatially
uniform illumination, have shown resonant responses like those found in pe-
riodically forced oscillators [149]. More specifically, denoting the oscillation
frequency of the unforced system by ω0, and the forcing frequency by ωf , res-
onance bands have been found in which the oscillation frequency of the forced
system, ω, locks to a rational fraction of the forcing frequency, ω = (n/m)ωf ,
in a range of ωf around ω0 (whose width increases with the forcing amplitude).
Various resonances (ωf : ω) = (m : n) have been found in the experiments,
revealing part of the Farey tree2 [61, 89] as Fig. 8.1 shows. The forcing, how-

2In a Farey tree of resonances, between any two resonances (i : j) and (k : l) there is an
intermediate resonance (i+ k) : (j + l).
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ever, can also induce new spatial patterns. A striking example is shown in
Fig. 2.5, where spiral waves in the unforced reaction destabilize to standing-
wave labyrinthine patterns when a sufficiently strong uniform forcing with a
frequency ωf ≈ 2ω0 is applied. A detailed discussion of periodically forced,
spatially extended oscillatory systems is presented in Chapter 8.

Another interesting modification of the BZ reaction is a water-in-oil mi-
croemulsion system with nanometer-sized droplets of water surrounded by a
monolayer of a surfactant (commonly known as aerosol OT or AOT) and dis-
persed in oil (octane) [261]. Since most reagents of the BZ reaction are polar,
they reside in the water droplets and diffuse at a relatively slow rate charac-
teristic of entire droplets. Some key intermediates, however, are non-polar and
therefore escape into the oil and diffuse much faster. This property of the BZ-
AOT reaction allows for stationary patterns and a wide variety of traveling
wave patterns not observed in the original BZ reaction, as Fig. 2.6 shows.

FIGURE 2.6: Patterns observed in the BZ-AOT reaction. From [261].
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2.2 Pattern-forming systems as dynamical systems

Pattern-forming systems are often described by small sets of fields; the
velocity and temperature fields in thermal convection, the concentrations of
key species in chemical reactions, biomass and resource fields in patchy land-
scapes, and so on. Quite often approximate dynamical equations for these
fields are known. For relatively simple systems the dynamical equations are
derivable from first principles. This is the case with simple fluids that sat-
isfy the Navier-Stokes equations [38], or with electromagnetic radiation in
dielectric materials that satisfies the Maxwell equations [188]. More complex
systems generally involve some degree of modeling. Pattern-forming chemical
reactions, for example, are described by reaction-diffusion models that simplify
the complex chemical kinetics of these reactions. Pattern-forming ecosystems
require a yet higher degree of modeling (see Chapter 9). We will refer to the set
of dynamical equations that describe a pattern forming system as a dynamical
system.

In what follows we distinguish between small and large pattern forming
systems using the concept of dimension of a dynamical system (Section 2.2.1).
Small pattern forming systems are governed by small numbers of independent
degrees of freedom and can be described by small sets of nonlinear ordinary
differential equations or “low-dimensional” dynamical systems. The theory of
low-dimensional dynamical systems is well developed and described in many
textbooks [239, 136, 135]. We briefly describe it here (Sections 2.2.2, 2.2.3,
2.2.4, and 2.2.5) focusing on concepts that are essential for understanding the
presentation of pattern formation theory in Part II and the applications to
spatial ecology in Part III.

2.2.1 Dimension and size of a pattern-forming system

The dynamical equations of pattern-forming systems represent infinitely
many degrees of freedom; formally, any point in space contributes at least
one degree of freedom. However, because of the dissipative nature of these
systems, the number of independent degrees of freedom reduces dramatically
in the course of time. The asymptotic independent degrees of freedom gen-
erally represent slow modes, such as modes that begin to grow at instability
points, but may describe faster processes as well, such as transitions between
slowly evolving states. We define the dimension of a pattern-forming system
as the number of independent degrees of freedom that describe the long-term
(asymptotic) dynamics of the system.

The dimension of a pattern-forming system strongly depends on its physi-
cal size. The size is determined relative to a typical length in the system, such
as the wavelength of a periodic pattern. Thus, a small (large) aspect-ratio
Rayleigh-Bénard (RB) system that fits in a few (many) pairs of rolls, is an
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example of a small (large) system. The dynamics of small pattern forming
systems, just above the instability of the equilibrium state, involve a small
number of independent degrees of freedom. The tremendous reduction in the
number of degrees of freedom in this case is mathematically accounted for by
the center manifold theorem [93], but can be intuitively understood using the
example of a small RB system. The roll pattern that sets in at the instabil-
ity point represents the first spatial mode for which the buoyancy force just
overcomes all dissipative processes. All other modes describe significantly dif-
ferent spatial structures for which the dissipative processes still dominate the
buoyancy force in some range above the instability point. These modes decay
to zero unless they are nonlinearly coupled to the growing mode. In that case
they do show up but do not represent independent degrees of freedom. As the
system becomes larger, more pairs of rolls fit in and the difference between
adjacent modes (i.e. modes describing n and n + 1 pairs of rolls) becomes
smaller. As a result, more modes can grow and the dimension of the system
increases.

The independent degrees of freedom of a pattern forming system near an
instability point are often represented by the amplitudes of the modes that
begin to grow at that point. Consider, for example, a chemical system that
goes through an instability to a stationary periodic pattern with a wavelength
λ. The concentrations, ci(x, t) (i = 1, ..., n), of the chemical species that par-
ticipate in the reaction, can be approximated, near the instability, point by

ci(x, t) ≈ αiu(t) cos(k0x+ ϕ) , (2.3)

where the cosine term represents the spatial mode that starts growing at the
instability point, with k0 = 2π/λ and ϕ being its wavenumber and phase,
u(t) is a slowly varying amplitude of that mode, and αi are constants. The
amplitude u represents the independent degree of freedom that describes the
long-term dynamics of the system in some parameter range close to the in-
stability point in which k0 is the only mode to grow3. In small systems, i.e.
systems whose size L is comparable to λ (L ∼ λ), this parameter range can
be significant and the long-term dynamics are captured by a single degree of
freedom - the amplitude of the growing mode k0. However, in large systems
(L ≫ λ) this range can become diminishingly small, because there are many
other modes with wavenumbers close to k0. At any finite range beyond the
instability point the asymptotic dynamics are described by a set of indepen-
dent degrees of freedom representing a band of modes centered around k0. We
postpone the discussion of large systems to Chapters 5 and 6 and consider in
the rest of this section small systems that are describable by low-dimensional
dynamical systems.

3Note that the number of independent degrees of freedom is not determined by the
number of chemical species n, but rather by the number of modes that grow at the instability
point and their nature.
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2.2.2 Basic concepts of low-dimensional dynamical systems

Low-dimensional systems are generally described by small sets of nonlinear
ordinary differential equations or ODEs:

u̇ = f(u;λ) , (2.4)

where u = (u1(t), ..., un(t)) is a vector of real valued state variables, represent-
ing the independent degrees of freedom, λ = (λ1, ..., λm) is a set of parameters,
f = (f1(u;λ), ..., fn(u;λ)) is a non-linear vector function of the state variables,
and the dot represents the time derivative (u̇ = du/dt)4.

The space spanned by the state variables u is called phase space. The
temporal evolution of the system, u(t), from an initial value, u(0), traces a
trajectory in phase space. Trajectories of this kind can be viewed as “stream
lines” of a flow in phase space, determined by the specific form of f(u).

In general, the first objective in studying equations of this kind is identify-
ing steady-state solutions and studying their stability properties. In the phase
space of the system such solutions are represented by points and are often re-
ferred to as fixed points. We say that a steady-state solution, us = (us1, ..., usn)
of Eq. (2.4) is linearly stable if any infinitesimally small perturbation of us

decays in time5. Conversely, a steady-state solution us is linearly unstable
if there exists a small perturbation of us that grows in time. To study the
linear stability of us we consider an infinitesimal perturbation of that solu-
tion, which we denote by δu = (δu1, ..., δun), and insert the perturbed form
u(t) = us + δu(t) into (2.4). Linearizing around us we obtain

˙δu = Jδu , (2.5)

where J is the Jacobian matrix whose (i, j) entry is ∂fi/∂uj |u=us . The solution
us is linearly stable when the eigenvalues of J all have negative real parts, for
in that case any perturbation δu decays exponentially in time. It is linearly
unstable if the largest real part of all eigenvalues is positive6.

An instability of a steady-state solution generally takes the system to a
new steady-state solution or to a time-periodic solution. We refer to such in-
stabilities as to stationary instability and oscillatory instability, respectively.
In two-dimensional systems steady-state and time-periodic are the only possi-
ble asymptotic solutions. In higher dimensional systems chaotic dynamics are
possible too [239]. In the following two subsections we analyze a few examples
of stationary and oscillatory instabilities and use them to introduce additional
concepts of dynamical systems.

4Readers unfamiliar with ODEs are referred to Ref. [136] or to any other textbook on
ODEs

5The theory of dynamical systems defines a few forms of stability [88]. The definition
given here amounts to asymptotic stability in which points near us converge to it directly.
Weaker forms of stability include quasi-asymptotic stability in which nearby points even-
tually converge to us, but not necessarily in a direct manner. This weaker form of stability
occurs, for example, in excitable systems [173].

6The reader is referred to Ref. [136] for a brief introduction to the concepts of matrices
and eigenvalues.
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2.2.3 Stationary instabilities

Many of the concepts to be introduced here can be explained using the
following one-dimensional system and variants thereof:

u̇ = f(u;λ) = λu− u3 . (2.6)

An example of a physical process described by such an equation (at least for
small λ) is the buckling of a vertical beam that is subjected to a weight W
as illustrated in Fig. 2.7. Below a critical weight, Wc, the unbuckled state is
stable (Fig. 2.7(a)), but whenW exceeds that critical weight the beam buckles,
either to the right or to the left. In this example the variable u measures the
degree of buckling and λ denotes the relative deviation from the critical point,
that is

λ =
W −Wc

Wc
.

FIGURE 2.7: The buckling instability. (a) below a critical weight, W < Wc

(λ < 0) the unbuckled state is stable. (b) Beyond the critical weight two
symmetric buckled states appear (of which only one is drawn).

Equation (2.6) has three steady-state solutions: a zero state, u0 = 0, that
exists for any value of λ (the unbuckled state in the above example), and a
symmetric pair of solutions, u± = ±

√
λ, that appear at λ = 0 and exist for

any positive value of λ (the two symmetric buckled states). Which of the three
different steady-state solutions that exist for λ > 0 is actually realized? The
answer to this question is contained in the stability properties of the various
solutions. Since df/du|u=0 ≡ f ′(0) = λ, the zero state is linearly stable in the
range λ < 0 and loses stability at λ = 0, the value at which the symmetric
solution pair u± = ±

√
λ appears. Since f ′(u±) = −2λ, the solutions u±

are both linearly stable in their whole existence range, λ ≥ 0, apart of the
instability threshold, λ = 0, at which they coincide with the zero state. The
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solution at λ = 0 cannot be classified as linearly stable or unstable, and we
describe it as marginally stable. Note, however, that although perturbations
about marginally stable states do not grow or decay exponentially they still
can grow or decay algebraically. Indeed, writing Eq. (2.6) with λ = 0 as
u−3du = −dt and integrating we find that small perturbations decay to zero
as t−

1
2 .

We can describe the instability that arises in a system as a control pa-
rameter is changed, e.g. λ in Eq. (2.6), by a diagram that shows the various
steady-state solutions and their stability properties as functions of the control
parameter, with the convention that solid (dashed) lines represent linearly
stable (unstable) solutions. A diagram of this kind is called a bifurcation dia-
gram. The instability appears as a bifurcation point where qualitative changes
in the solutions take place; solutions may appear or disappear at this point, or
may change their stability. The bifurcation diagram for Eq. (2.6) is shown in
Fig. 2.8(b). It describes the pitchfork bifurcation in which a zero solution loses
stability to a new symmetric pair of stable non-zero solutions. The pitchfork
bifurcation arises in many natural contexts, besides beam buckling, including
thermal convection and front dynamics (see Section 7.3.1).

Quite often, the new states that appear in a pitchfork bifurcation are not
perfectly symmetric. In the example of beam buckling, a nonuniform beam
may favor one buckling direction over the other. Situations of this kind are
captured by adding to the right side of Eq. (2.6) terms that break the inversion
symmetry u→ −u, i.e. a constant term or terms that are even in u. Consider
the following variant of (2.6),

u̇ = f(u;λ) = λu− u3 − au2 , (2.7)

where the inversion symmetry is broken by a quadratic term. A straightfor-
ward calculation leads to the bifurcation diagrams shown in Fig. 2.8(a,c) for
positive and negative values of the parameter a, respectively. Two bifurcation
points can be identified in these diagrams, λ = 0 and λ = λc = −a2/4. Con-
sider first the bifurcation at λ = 0 in which the zero solution loses stability.
In the vicinity of this solution we can neglect the cubic term and rewrite Eq.
(2.7) in terms of ũ = au:

˙̃u = λũ− ũ2 . (2.8)

This equation describes the transcritical bifurcation, in which a zero solution
exchanges stability with a non-zero solution, ũ =

√
λ at λ = 0. Consider

now the bifurcation point at λ = −a2/4, in which the two solutions, u± =
−a/2 ±

√
a2/4 + λ merge to a common value u = −a/2. Expanding f(u) in

(2.7) in a Taylor series around u = −a/2 and keeping terms to second order
only, we obtain

˙̃u = λ̃− ũ2 , (2.9)

where λ̃ = (a2/4)[λ + (a2/4)] and ũ = (−a/2)[u + a/2]. Equation (2.9) de-
scribes the saddle-node bifurcation or fold bifurcation, in which a pair of stable-
unstable solutions appears at λ̃ = 0.
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FIGURE 2.8: Bifurcation diagrams in the vicinity of a cusp singularity (see
Fig. 2.10) showing stable (solid lines) and unstable (dashed lines) steady-state
solutions of (2.7). Shown are cuts of the surface λu−u3−au2 = 0 at constant
a values, a > 0 (a), a = 0 (b), a < 0 (c). The bistability of states in panels
(a) and (c) implies hysteresis, as the arrows in panel (c) show.

The bifurcation diagram in Fig. 2.8(a) for a > 0 shows another significant
feature, namely, a bistability range, −a2/4 < λ < 0, in which two distinct
solutions, u = 0 and u = −a/2 −

√
a2/4 + λ, are linearly stable. A similar

bistability exists for the states u = 0 and u = −a/2 +
√
a2/4 + λ for a < 0,

as Fig. 2.8(c) shows. Associated with bistability of different states is the phe-
nomenon of hysteresis: increasing λ from negative to positive values results in
a transition from u = 0 to u = −a/2+

√
a2/4 + λ at the threshold λ = 0, while

decreasing λ results in a transition back to the zero state at a lower threshold
λ = λc = −a2/4, as the arrows in Fig. 2.8(c) illustrate. The phenomenon of
hysteresis is familiar from the context of magnetism, but is relevant to a wide
variety of other physical, biological and environmental contexts. We will re-
turn to this topic when we discuss regime shifts and desertification in Chapter
12.

Note that for a ̸= 0, a small incremental increase of λ beyond zero results
in a large change in u (provided u > 0). This is unlike the case a = 0 in which
the change in u is also small. We call the bifurcation that occurs for a ̸= 0
a subcritical bifurcation, and distinguish it from the supercritical bifurcation
that occurs for a = 0. The new state that the system evolves to slightly
beyond the bifurcation point (for a ̸= 0) exists also below the bifurcation
point, hence the term “subcritical”. It is important to stress that despite the
discontinuity in the stable solution branches in a subcritical bifurcation, there
is no discontinuity in the dynamics that take the system from one stable
solution branch to another.

Consider now a different variant of (2.6) in which the inversion symmetry
is broken by a constant term b:

u̇ = λu− u3 + b . (2.10)

The bifurcation diagrams for positive and negative values of b are shown in
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FIGURE 2.9: Bifurcation diagrams in the vicinity of a cusp singularity show-
ing stable (solid lines) and unstable (dashed lines) steady-state solutions of
(2.10). Shown are cuts of the surface λu − u3 + b = 0 at constant b values,
b < 0 (a), b = 0 (b), b > 0 (c), and at constant λ values, λ < 0 (d), λ = 0
(e), λ > 0 (f). The bistability of states in panel (f) implies hysteresis, as the
arrows show.
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FIGURE 2.10: Phase diagram of steady-state solutions of Eq. 2.10 in the λ, b
plane showing domains of a single stable solution and of two stable solutions.
The boundaries of these domains consist of a pair of saddle-node bifurcation
curves, b = ±bc(λ), that meet at a cusp point at λ = 0. See also Fig. 2.9(f).

Fig. 2.9(a,c) and are often referred to as “imperfect pitchfork bifurcation”.
The single steady-state solution that exists at small λ remains stable for any
λ, while a new pair of stable and unstable solutions appears in a saddle-
node bifurcation as λ exceeds a threshold λc(b). Another interesting view of
(2.10) is obtained by regarding b as the control parameter, keeping λ fixed.
Figure 2.9(d-f) shows the bifurcation diagrams for negative λ (d), λ = 0 (e)
and positive λ (f). The last diagram (f) shows an existence range, −bc(λ) <
b < bc(λ) (bc = 2λ

3

√
λ
3 ), of three steady-state solutions. The upper and the

lower solution branches are stable while the middle branch is unstable. These
solutions appear in a pair of saddle-node bifurcations at b = ±bc(λ). In the
λ, b plane, the saddle-node bifurcation curves meet tangentially in the origin
at what is called a cusp point as Fig. 2.10 shows.

The last variant of (2.6) that we consider in this section is

u̇ = λu− cu3 − u5 . (2.11)

The case c > 0 is qualitatively similar to the pitchfork bifurcation discussed
above. In fact, close enough to the bifurcation point u ≈

√
λ/c ≪ 1, and the

quintic term can be disregarded. A qualitative change occurs when c becomes
negative, for then, the cubic term accelerates the growth of u and only when
u is sufficiently large can the quintic term balance this growth. We leave it
as an exercise to the reader to derive the bifurcation diagram shown in Fig.
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FIGURE 2.11: Bifurcation diagram showing stable (solid lines) and unstable
(dashed lines) steady-state solutions of (2.11) for c < 0. The arrows indicate
state transitions that involve hysteresis.

2.11, which implies hysteresis as the arrows indicate. This is another example
of a subcritical bifurcation.

2.2.4 Oscillatory instabilities

In one-dimensional systems (a single degree of freedom) non-stationary
behaviors must be monotonic in time. The onset of non-monotonic dynamics,
such as periodic oscillations, requires at least two degrees of freedom. Consider
the following two-dimensional system:

u̇1 = λu1 − ωu2 − (u21 + u22)u1 (2.12a)

u̇2 = ωu1 + λu2 − (u21 + u22)u2 , (2.12b)

where λ and ω ̸= 0 are constant parameters. Rewriting these equations in
terms of the polar variables ρ ≥ 0 and 0 ≤ ϕ < 2π, which are related to the
original variables through u1 = ρ cosϕ and u2 = ρ sinϕ, we obtain

ρ̇ = λρ− ρ3 (2.13a)

ϕ̇ = ω . (2.13b)

The equation for ρ is identical to Eq. (2.6) (except that ρ ≥ 0). It has a
zero solution that loses stability at λ = 0 to a stable solution ρ =

√
λ. While

the zero solution describes a steady state of (2.12), the solution ρ =
√
λ

corresponds to an oscillatory state. This can be readily seen by integrating
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the equation for ϕ to obtain ϕ = ωt+ϕ0, where ϕ0 is an integration constant.
For then

u1 =
√
λ cos (ωt+ ϕ0) , u2 =

√
λ sin (ωt+ ϕ0) . (2.14)

That is, u1 and u2 oscillate periodically in time. Figure 2.12 shows the dy-
namics of (2.12) below and above the instability of the zero state. Below the
instability point perturbations about the stable zero state decay in an oscil-
latory manner. The dynamics in the phase space spanned by u1 and u2 are
described by trajectories that spiral in towards the zero state, as Fig. 2.12(a)
shows. Above the instability point such perturbations grow in an oscillatory
manner and the dynamics converge to periodic oscillations with a constant
amplitude. As Fig. 2.12(b) shows, the phase-space dynamics involve trajecto-
ries that converge to a circle of radius

√
λ centered at the origin u1 = u2 = 0,

which is often called a limit cycle. The phase of the oscillation is determined
by the constant ϕ0. Since it is an arbitrary integration constant, there exists
a continuous family of oscillatory solutions with phases that span the whole
circle 0 ≤ ϕ < 2π Note that while the oscillatory solutions are stable to pertur-
bations of the amplitude ρ, they are marginally stable to perturbations of the
phase ϕ. This marginal stability is closely related to the phase-shift symmetry
of (2.12) or (2.13a), i.e. to the fact that shifting the phase of an oscillatory so-
lution yields another oscillatory solution. The oscillatory instability described
above is called the Hopf bifurcation. Like the pitchfork bifurcation, the Hopf
bifurcation too has various variants, including in particular a subcritical Hopf
bifurcation, which implies a bistability range of a stationary zero state and an
oscillatory state.

A characteristic feature of the Hopf bifurcation is the finite frequency of
the oscillations that appear at the bifurcation point. However, there are other
oscillatory bifurcations that do not share this property. Consider the following
system7:

ρ̇ = λρ− ρ3 (2.15a)

ϕ̇ = ω − a sinϕ , (2.15b)

where λ > 0, and let us first discuss the case a > ω. Equations (2.15) then
have two non-zero steady-state solutions, (ρ1, ϕ1) = (

√
λ, arcsinω/a) and

(ρ2, ϕ2) = (ρ1, π − ϕ1), of which (ρ1, ϕ1) is stable and (ρ2, ϕ2) is unstable.
The two solutions lie on a circle of radius

√
λ in the phase space spanned by

u1 = ρ cosϕ and u2 = ρ sinϕ, as Fig. 2.13a illustrates. The angular distance
between the two solutions, ∆ϕ = 2ϕ1 − π, diminishes as a → ω from above.
Consider now the case a < ω. Since dϕ/dt is positive at all times the dynamics
are oscillatory, but differ from the case a = 0 considered in (2.15) in that the
oscillations are no longer uniform along the circle; the dynamics is slow near
ϕ ≈ π/2, and fast near ϕ ≈ 3π/2 as Fig. 2.13b illustrates. The oscillation
period of this nonuniform dynamics can be obtained by separating variables

7The discussion below follows closely Ref. [239]
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FIGURE 2.12: Solutions of (2.12) demonstrating a Hopf bifurcation of a
zero state. (a,c) Oscillatory decay of initial perturbations below the bifur-
cation point (λ < 0). (b,d) Oscillatory growth and convergence to periodic
oscillations of finite constant amplitude above the bifurcation point (λ > 0).

and integrating:

T =

∫ T

0

dt =

∫ 2π

0

dϕ

ω − a sinϕ
=

2π√
ω2 − a2

. (2.16)

This result shows that T diverges as a → ω from below. We can discuss now
the dynamical behavior of the system (2.15) in the vicinity of the critical point
a = ω. Slightly above this point there still exists a stable steady-state solution,
(ρ1, ϕ1), but as a is decreased below ω it merges with its unstable counterpart
(ρ2, ϕ2) and disappears. This gives rise to periodic oscillations with a period
that scales like (ω − a)−1/2. The instabilty that occurs at a = ω is called
infinite-period bifurcation. Like the Hopf bifurcation it renders a steady state
unstable and gives rise to oscillations, however, the oscillation period diverges
to infinity at the bifurcation point, rather than being finite.

The infinite-period bifurcation is an example of a global bifurcation, where
the oscillatory solution is not confined to a small neighborhood of the steady-
state solution in phase space. Unlike the Hopf bifurcation, in which the control
parameter is λ and the radius of the circular trajectory,

√
λ, is diminishingly

small close to the bifurcation point λ = 0, the control parameter in the infinite-
period bifurcation is a and λ ∼ O(1) is fixed. As a result, even close to the
bifurcation point, a = ω, the oscillatory solution has a large amplitude, and its
circular trajectory explores distant phase-space regions. A different type of an
oscillatory instability involving an infinite oscillation period at the bifurcation
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FIGURE 2.13: Illustration of an oscillatory infinite-period bifurcation in
(2.15). When a > ω a stable-unstable pair of states exist on the circle ρ =

√
λ

(a) (the stable and unstable states are represented, respectively, by the small
full and empty circles on the large dashed circle of radius ρ). While approach-
ing the circle, the dynamics converge to the stable steady state (

√
λ, ϕ1)). As

a is decreased below ω the pair of steady states approach one another, merge
and disappear. The dynamics, once confined to the circle, becomes oscillatory
with a slow phase and a fast phase in each oscillation period (b).
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point is the saddle-loop or homoclinic bifurcation, which involves the merging
of a limit cycle with an unstable (saddle) fixed point [239].

2.2.5 Variational and non-variational systems

The absence of oscillations in a dynamical system is often associated with
the existence of a variational principle. According to this principle there ex-
ists a real-valued scalar function of the state variables, L(u;λ), that cannot
increase in the course of time. Such a function is called a Lyapunov function.
In some cases the equations (2.4) that describe such systems assume the form

u̇ = f(u;λ) = −∇uL(u;λ) , (2.17)

where ∇uL = (∂L/∂u1, ..., ∂F/∂un) is the gradient of L with respect to the
state variables. It is then easy to prove that L in (2.17) is a Lyapunov function,
i.e a function that satisfies dL/dt ≤ 0. The proof is achieved by applying the
chain rule to the time derivative of L and using (2.17):

dL

dt
=

∂L

∂u1

du1
dt

+ ...+
∂L

∂un

dun
dt

= ∇uL · u̇ = −(∇uL)
2 ≤ 0 , (2.18)

where we assumed that the time dependence of L is due to the time depen-
dence of the state variables, i.e. L does not have an explicit time dependence.
The significance of identifying a Lyapunov function of a dynamical system
is that it rules out oscillatory dynamics and provides information about the
steady-state solutions of the system and their stability properties. Extremum
points of L, at which ∂L/∂u1 = ∂L/∂u1 = 0, correspond to steady-state solu-
tions, and minima of L correspond to stable steady-state solutions, since any
perturbation must decay in time in order to satisfy the condition dL/dt ≤ 0.
Whatever nonuniform landscape L has in phase space, any initial condition
will eventually lead the system to a minimum of L and to a steady-state so-
lution. Note the similarity of (2.17) with the equation of motion of an object
in a gravitational potential that is highly damped by a friction force (to the
extent that inertia effects can be neglected). In this analogy u is the position
vector of the object and L represents the potential or the height of the object.
For this reason the Lyapunov function L is often called a “potential function”,
and variational systems are called “gradient systems”, i.e. systems that move
down the gradients of potential functions. Another name in common use is
“energy function”, in analogy to the free energy of a thermodynamic system
near equilibrium.

Consider as an example the dynamical system (2.12) with ω = 0. By
integrating the right hand sides of (2.12a) and (2.12b) with respect to u1 and
u2, respectively, and equating the outcomes we find

u̇1 = −∂L/∂u1 (2.19a)

u̇2 = −∂L/∂u2 , (2.19b)
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FIGURE 2.14: A graph of the Lyapunov function (2.20) for λ < 0 (left) and
λ > 0 (right). Identical graphs are obtained along any transect in the (u1, u2)
plane that goes through the origin.

with

L = −λ
2
(u21 + u22) +

1

4
(u21 + u22)

2 + L0 , (2.20)

where L0 is an arbitrary constant. This shows that (2.12) with ω = 0 rep-
resent a variational system. Expressing L in terms of the polar variables
ρ =

√
u21 + u22 and ϕ = arctan (y/x) we find that L is independent of ϕ

and is given by

L = −λ
2
ρ2 +

1

4
ρ4 + L0 . (2.21)

Let us use (2.21) to evaluate the steady-state solutions of (2.12) with ω = 0
and their stability properties. Equating the derivative of L with respect to ρ
to zero gives the steady-state solution ρ = 0 for any λ value, and the pair of
steady-state solutions, ρ = ±

√
λ, for λ > 0. The zero solution corresponds to

a minimum (maximum) of L for λ < 0 (λ > 0), implying stability (instability)
to perturbations with respect to ρ, whereas the pair of solutions that is born at
λ = 0 corresponds to a minimum of L and is thus stable. The fact that L does
not depend on ϕ implies the existence of a continuous family of steady-state
solutions, spanning a circle of radius ρ =

√
λ in phase space. These solutions

are stable to amplitude (ρ) perturbations and marginally stable to phase (ϕ)
perturbations. These conclusions become evident by drawing the landscape of
L in phase space for λ negative and positive, as Figure 2.14 shows. Note that
unlike linear stability analysis which provides information about the stability
of solutions to infinitesimal perturbations, the Lyapunov function provides
information about the basins of attraction of stable solutions and thus about
the response to large perturbations. The results of Fig. 2.14 imply, for example,
that any perturbation of the zero solution, no matter how big, will decay to
zero in the range λ < 0.
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Not all variational systems, i.e. systems that have a Lyapunov function,
can be cast in the form of (2.19). An example of such a system is [239]:

u̇1 = −u1 − 2u2
2 (2.22a)

u̇2 = u1u2 − u2
3 . (2.22b)

It is easy to verify that the function L = u1
2 + 2u2

2 satisfies dL/dt ≤ 0 and
is therefore a Lyapunov function.

Returning to (2.12), when ω is not zero the attempt to find a Lyapunov
function satisfying (2.19) fails. Indeed, for λ > 0 equations (2.12) have oscil-
latory solutions and the dynamics are no longer dictated by the minimization
of a Lyapunov function. We say that the dynamical system is non-variational.
The example of (2.12) shows that changing a system parameter can induce
a transition from a variational system to a non-variational system. Such a
transition is often accompanied by non-variational effects. In this example it
is the appearance of temporal oscillations. In Section 7.3.1 we will encounter a
different example of non-variational effect with far reaching pattern formation
consequences.

2.3 A glimpse into pattern formation theory

Equipped with basic knowledge of low-dimensional dynamical systems, we
now return to the context of spatially extended systems and describe a few
fundamental concepts of pattern formation theory - the mathematical theory
of spatially extended nonlinear systems. We first address the different types of
pattern-forming instabilities that a steady uniform state can go through (Sec-
tion 2.3.1). Distinguishing between different instability types is significant for
understanding the universal character of pattern formation phenomena as dif-
ferent systems that go through the same instability type behave similarly near
the instability point (Section 2.3.2). The discussion in this section applies both
to small and large systems, although the latter may show richer dynamical
behaviors, some of which will be discussed in length in Chapters 6 and 7 where
a fuller and deeper account of pattern formation theory is presented.

2.3.1 Instability types and symmetry breaking

The growing modes that destabilize steady uniform states beyond insta-
bility points can be uniform or spatially periodic, and the growth can be
monotonic or oscillatory. Accordingly, we distinguish among four types of
pattern-forming instabilities:

• Uniform stationary instability, in which a monotonically growing uni-
form mode leads to a stationary uniform state.
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• Nonuniform8 stationary instability, in which a monotonically growing
nonuniform mode leads to a stationary spatial pattern.

• Uniform oscillatory instability, in which a uniform mode with oscillatory
growth leads to uniform oscillations.

• Nonuniform oscillatory instability, in which a nonuniform mode with
oscillatory growth leads to traveling waves.

The second and fourth instabilities directly lead to spatially structured
states. We say that these instabilities “break” the spatial symmetry of the
system. In an RB system, for example (see Section 2.1.2), all points at a given
hight are equivalent to one another because of the uniform fluid, the uniform
heating, the perfect geometry of the cell, etc. This spatial symmetry, which
is preserved by the rest state of the fluid, is broken by the nonuniform roll
patterns that appear beyond the convective instability. Mathematically, we
can approximate the fluid states by equation (2.3), where the amplitude u
satisfies equation (2.6). The physical variables ci represent in this case the
vertical fluid-velocity component and the deviation of the temperature from
the rest state value [38]. The bifurcation parameter λ represents the relative
deviation of the Rayleigh number R from its critical value Rc: λ = (R −
Rc)/Rc. As λ is increased past zero, the zero state u = 0 destabilizes and the
amplitude u begins to grow monotonically, approaching the asymptotic values
u± = ±

√
λ. This amounts to the destabilization of the stationary uniform

rest state of the fluid to one of two symmetric roll patterns, u± cos (k0x+ ϕ)
(differing by the direction of fluid rotation), which break the spatial symmetry
of the system.

The first and third instabilities lead to uniform states. In what sense are
these instabilities pattern forming? Spatial patterns can result from such insta-
bilities if they involve the creation of multiple stable states, for then patterns
consisting of domains of different states can be formed. Consider first a uni-
form stationary instability of a uniform stationary equilibrium state, such as
the pitchfork bifurcation discussed in Section 2.2.3. That is, we consider a
system the state variables of which are given by (2.3) with k0 = 0 and u(t)
satisfying (2.6). In this bifurcation the zero state, u = 0, loses stability to a
pair of stable uniform stationary states, u = u+ =

√
λ and u = u− = −

√
λ

(hereafter the “up state” and “down state”), as the control parameter λ is
increased past zero. The coexistence of these two stable states allows for pat-
terns consisting of alternate up-state and down-state domains (although such
domain patterns are not necessarily stable as we will see in Section 7.2.1).
The appearance of the up and down states is also a consequence of symme-
try breaking. Equation (2.6) is symmetric under the transformation u→ −u,
implying that if u is a solution also −u is a solution. The zero-state solu-

8Nonuniform instabilities are also called “finite-wavenumber instabilities” since they in-
volve the growth of modes with non-zero wavenumbers.
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tion preserves this symmetry, but any of the two states, u±, breaks it and
necessitates the coexistence of its symmetric counterpart.

A uniform oscillatory instability also involves the creation of multiple
stable states. Consider the Hopf bifurcation, discussed in Section 2.2.4, in
which a uniform stationary equilibrium state loses stability to a continu-
ous family of time-periodic uniform solutions of the form (2.14). These so-
lutions differ from one another by their oscillation phase ϕ0, and are all
stable to amplitude perturbations. They break the phase-shift symmetry,
(u1, u2) → (u1 cosϕ−u2 sinϕ, u1 sinϕ+u2 cosϕ), which the equilibrium state,
(u1, u2) = (0, 0), preserves, and allow for long-wavelength traveling-wave phe-
nomena of various forms, some of which will be discussed in Section 7.2.2.

2.3.2 Amplitude equations and universality

The dynamics of a pattern forming system is often described by a set of
partial differential equations (PDEs)9 for some characteristic state variables.
These equations are specific to the system in question and vary from one sys-
tem to another. Yet, equations that describe distinct systems may share the
same type of instability. For example, both the fluid equations that describe
thermal convection and models of dryland vegetation capture a nonuniform
stationary instability of a uniform steady state. A striking result of pattern
formation theory is that systems that go through the same type of instability
behave similarly near the instability point. Mathematically, starting from the
equations that describe each system near the instability point, it is possible
to derive new equations that look alike for all systems that share that type of
instability. The new equations, often called normal form equations or ampli-
tude equations, have the same structural form for all systems, but differ in the
coefficients of the various terms in the equations, which are expressed in terms
of parameters that are specific to the system in question. We will describe how
to derive amplitude equations in Chap. 6.1, but their significance can already
be highlighted: pattern forming systems near instability points show high de-
gree of universality : distinct and unrelated systems, be they fluid, optical,
chemical, biological or environmental, will generally show the same types of
spatial patterns in the vicinities of instabilities that they share [46].

The universal nature of pattern formation is a powerful result. The ampli-
tude equations for the basic instabilities have thoroughly been studied and the
identification of such an instability in a particular system makes that infor-
mation available at once. The identification of a Hopf bifurcation in a chem-
ical reaction, for example, already tells us the possible existence of traveling

9PDEs are differential equations for state variables that depend on two or more indepen-
dent variables, most commonly time and space variables, and involve partial derivatives.
The solutions of PDEs are functions of the independent variables, e.g. the steady state tem-
perature, T (x, z), of a roll pattern in thermal convection. Readers unfamiliar with PDEs
are referred to textbooks focusing on applications of PDEs in biology, e.g. [65, 136]. See
also Ref. [107].
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waves, sinks and sources of traveling waves, spiral waves and spatio-temporal
chaos [6]. However, not all of these behaviors are necessarily realizable; the
parameters of the chemical reaction may restrict the coefficients in the ampli-
tude equation to ranges that exclude some behaviors. It is important to stress
that amplitude equations have at least two drawbacks, and therefore are not
substitutes for the original equations that describe particular systems. The
first drawback is that their validity is limited to the vicinities of instability
points, whereas quite often we are interested in behaviors far from the onset
of instabilities. Another drawback has to do with circumstances in which the
amplitude equations miss significant system behaviors, even close to onset.
An example, to be discussed in Section 7.2.1.3, is the pinning of an interface
(or front) between a uniform state and a patterned state. Another point to
stress is that the appearance of similar patterns and dynamical behaviors in
distinct systems does not mean that these systems are describable by similar
models. The model equations reflect processes and mechanisms that are spe-
cific to a particular system. They may show similar patterns in the vicinity
of an instability that both models capture, or because of other mechanisms of
universal behavior.

Chapter summary

Regular spatial patterns, such as stripes and spots, are often seen in various
natural and laboratory contexts. The driving forces of many of these patterns
share the same general mechanism - a positive feedback that operates at small
spatial scales and gives rise to spatial self organization and pattern formation
at large scales. This chapter presents a brief overview of pattern formation
phenomena in nature and in controlled laboratory experiments, and of the
mathematical concepts that have been developed to study them and form the
basis of pattern formation theory.

A basic mathematical concept associated with pattern formation is the in-
stability of a stationary, spatially uniform state as a control parameter exceeds
a threshold value. Several forms of such an instability can be distinguished,
including an instability to the monotonic growth of spatially periodic pertur-
bations, and to the oscillatory growth of spatially uniform perturbations. The
former leads to stationary spatially periodic patterns, while the latter leads to
uniform oscillations and long-wavelength traveling waves. We briefly discuss
the appearance of such patterns in two physical contexts, thermal convection
and chemical reactions, highlighting the feedbacks involved. We then present
basic concepts of nonlinear dynamics and discuss their implementation in pat-
tern formation theory. We make the point that pattern formation can arise
not only from the growth of spatially structured perturbations; instabilities
involving the growth of spatially uniform perturbations that lead to multiplic-
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ity of stable states can also give rise to spatial patterns. We also emphasize
the universal nature of pattern formation phenomena; different systems that
go through the same type of instability behave similarly near the instability
point.


