
Pattern Formation and Spatial Ecology  �  001-2-4022  �  Spring 2007   �   AKIS-BGU 
 

 
Pattern Forming Systems 

 
 
A. Thermal convection 

A.1 Roll patterns 
 

Imagine a fluid layer of thickness h  that is uniformly heated from below so as 

to create a temperature difference, topbot TTT ��� , between the bottom and 

the top sides of the layer. The fluid layer is subjected to a gravitational force 

pointing downwards, and is assumed to be initially at rest.  This is an 

example of a non-equilibrium system that is held away from thermal 

equilibrium by the continuous heating. Experiments on a system of this kind 

where carried out for the first time by Bénard in 1905. The first theoretical 

analysis was done by Lord Rayleigh in 1916. The system is commonly 

referred to as the Rayleigh - Bénard system. 

What parameters characterize the Rayleigh - Bénard system? 

o Gravitational acceleration:  ẑg�  

o Temperature difference:  topbot TTT ���  

o Thermal expansion:  T�
�
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�

�
�
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  where �  is the fluid density 

o Thermometric conductance: C�
�

	 �  [m2/s]  where �  is thermal 

conduction and C is the specific heat.  



o Kinematic viscosity:   �



� �   [m2/s]  where 
  is the shear 

viscosity 

o Height of fluid layer:  h 

When  T�  is sufficiently small the fluid remains at rest and heat transfer from 

the bottom plate to the top plate is done by molecular conduction (note: when 

we say “fluid at rest” we mean that the macroscopic average of the fluid 

velocity is zero everywhere in the layer. Individual molecules are obviously in 

motion as long as KT o0� ). This is the “conduction state” of the fluid.  

 

What may happen when T�  is large enough? 

Imagine a fluctuation in which a fluid particle at some height has a 

temperature which is slightly higher than the surrounding fluid at that height. 

Because of thermal expansion the fluid particle will have a density lower than 

that of the surrounding fluid (i.e. will be lighter) and will tend to move upward. 

As it moves upward the fluid surrounding becomes yet colder and the 

buoyancy force upwards increases. This accelerated motion upwards implies 

an instability of the conduction state to a new state where the fluid id in 

motion. 

 

Why does not this instability occur when T�  is sufficiently small? 

At least two factors act to stabilize the rest state: 

 

o Fluid viscosity: induces diffusion of linear momentum from the up-

moving fluid particle to its neighborhood, thus reducing its 

momentum and speed, 



o Thermal conduction: induces diffusion of heat from the fluid 

particle to its neighborhood, thus reducing the buoyancy force 

that drives the fluid particle upward. 

  There should be a critical temperature difference, cT� , at which the  

stabilizing factors just balance the destabilizing buoyancy force.  

 

Experimental studies indeed show the destabilization of the conduction state 

at a critical value of the temperature difference. Beyond this value convection 

sets in; hot fluid goes up, cold fluid goes down.  

The interesting finding is that the fluid self-organizes to form a periodic  roll 

pattern as illustrated in the figure below (left). 

 

 
 

 

 

 

 

 

 

The convection pattern can be visualized by illuminating the fluid layer from 

below. Since the index of refraction is temperature dependent, the periodicity 

of temperature in the lateral direction effectively acts as a series of lens that 

concentrate the light, forming bright stripes as shown in the figure above 

(right).  Each stripe corresponds to a pair of convective rolls. 

 

Note that the new convection state breaks the continuous translational 

symmetry of the system in the lateral direction; displacement of the roll 
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pattern by a distance other than the pattern’s wavelength will lead to a new 

pattern state. Symmetry breaking is a common phenomenon in non-

equilibrium systems that go through instabilities. 

How do the system parameters affect the instability? 

The parameters we discussed divide into two groups; those that act to 

stabilize the conduction state and those that act to destabilize this state, 

when increased. By taking a weighted product of the parameters belonging to 

one group and dividing it by a weighted product of the parameters of the 

second group so as to form a non-dimensional quantity, we can define a 

single parameter that integrates the effects of all parameters. One way of 

doing that is to write this parameter, which is known as the Rayleigh number 

R,  in the form of a ratio of time-scales associated with the two parameter 

groups:                           

                                                2
g

R
�
�� 	��  

where ��  is the time-scale associated with transfer of linear momentum due 

to viscosity,  	�  is the time-scale associated with diffusion of heat, and g�  is 

a measure of the time that takes for a fluid particle to go up from the bottom 

to the top of the fluid layer. Obviously, the longer the time-scales ��  and 	�  

the weaker the stabilizing factors, and the shorter g�  the stronger is the 

destabilizing buoyancy force. Thus, increasing R  beyond some critical value 

cR  should destabilize the conduction state of the fluid.  

Let us relate now the three time scales to the system’s parameters.  The 

time-scale ��  must be related to the kinematic viscosity � . Since it has a 

dimension of length square over time and the relevant length is the height of 

the fluid layer h, we deduce that  
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Similar considerations lead to  
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To find g�   let us estimate the buoyancy force  F  that raises a fluid particle of 

unit volume to a height h: 

On one hand the force is given by the product of the fluid mass �  and its 

acceleration: 
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On the other hand it is given by the change in the density ��  of the fluid 

particle due to a temperature fluctuation T�  times the gravitational 

acceleration: 

                                                TggF ���� ���  

 

Equating the two estimates of the buoyancy force we find 
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The Rayleigh number can now be calculated  Tg
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R
�

�
�	�

22

   or                 
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We see that R indeed integrates the effects of all system parameters.  


