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Homework assignment 3 

 

 
1. Given the dynamical system 

 �̇� = 𝜆𝑢 − 𝑢2 + 𝑎 

       

a. Find the stationary states of the system and investigate their linear stability, 

considering 𝜆  as the bifurcation parameter. 

b. Draw bifurcation diagrams for 𝑎 = 0, 𝑎 < 0,  and 𝑎 > 0.  

 

 

2. Given the dynamical system 

�̇� = 𝜆𝑢 + 𝑢3 − 𝑢5 

        

a. Find the stationary states of the system and investigate their linear stability. 

b. Draw a bifurcation diagram and show that a gradual increase of the bifurcation 

parameter 𝜆,  followed by a gradual decrease, can result in hysteresis .  

 

 

3. Consider the non-dimensional Lotka-Volterra model for two competing species with 

populations 𝑢1 and  𝑢2: 

𝑑𝑢1/𝑑𝑡 = 𝑢1(1 − 𝑢1 − 𝛼12𝑘𝑢2) 

𝑑𝑢2/𝑑𝑡 = 𝑟𝑢2(1 − 𝑢2 − 𝛼21𝑘−1𝑢1) 

where all parameters (𝑘, 𝑟, 𝛼12, 𝛼21) are positive. The model has four stationary    

solutions describing: (1) no populations, 𝑢1 = 𝑢2 = 0, (2) a single population 𝑢1 >

0, 𝑢2 = 0, (3) a single population 𝑢2 > 0, 𝑢1 = 0, (4) mixed population 𝑢1 > 0, 𝑢2 > 0. 

a. Find the four stationary solutions. 

b. Study their stability properties. 

c. Explain the results you obtained in terms of the dimensional model: 

 



 

𝑑𝑈1/𝑑𝑇 = 𝑟1𝑈1(1 − 𝑈1/𝐾1 − 𝛼12𝑈2/𝐾1) 

𝑑𝑈2/𝑑𝑇 = 𝑟2𝑈2(1 − 𝑈2/𝐾2 − 𝛼21𝑈1/𝐾2) 

where 

𝑢1 =
𝑈1

𝐾1
,       𝑢2 =

𝑈2

𝐾2
,      𝑘 =

𝐾2

𝐾1
, 𝑟 =

𝑟2

𝑟1
,       𝑡 = 𝑟1𝑇   

referring to intraspecific and interspecific competition, and distinguishing between 

three cases: (1) stable pure states (one species excludes the other), (2) bistability of 

pure states, (3) stable mixed populations.  

Note: “intraspecific” refers to competition between individuals of the same species, 

while “interspecific” refers to competition between individuals of different species. 


