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8.1 The interplay between intrinsic and extrinsic peri-
odicities

Natural systems are often subjected to external periodic forcing. The en-
trainment of cardiac cells in the atrioventricular node to signals generated at
the sinoatrial node, circadian rhythms entrained by the 24h day-night peri-
odicity, and phytoplankton oscillations under seasonal forcing are examples
of temporal periodic forcing of oscillatory systems [92, 96, 119]. There also
exists a spatial counterpart for this class of systems, namely, periodic spatial
structures, such as crystals or self-organized patterns, that are subjected to
periodic spatial modulation. The modulation can be induced by an intrinsic
instability, e.g. charge density waves in a 1d crystal [265, 13], or externally
applied. Examples of the latter case include periodic spatial modulations of an
electric field in nematic liquid-crystal convection [162, 110], periodic tempera-
ture modulation of the lower boundary of a Rayleigh–Bénard system [241, 85],
and periodic illumination of a photo-sensitive chemical reaction [62, 61, 190].
An ecological example, discussed earlier in Section 3.3.3, is the restoration of
degraded vegetation bands by means of parallel dikes. The ability of period-
ically forced systems to yield to the forcing in a synchronized manner is the
subject of this Section. Yielding to temporal forcing by frequency locking will
be analyzed in Section 8.1.1, while yielding to spatial forcing by wavenumber
locking will be analyzed in Section 8.1.2.
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8.1.1 Frequency locking

An oscillatory system can respond to periodic temporal forcing by locking
its oscillation frequency to the forcing frequency. By this we mean that there
exists a range of the forcing frequency, ωf , within which the system deviates
from its natural frequency, ω0, and oscillates at a frequency which is a rational
fraction of the forcing frequency, i.e. at a frequency ω = (m/n)ωf , where m
and n are integers such that ω is close to ω0. In general, this range becomes
wider as the forcing amplitude increases, forming a tongue-like domain in the
plane spanned by the forcing frequency and the forcing amplitude - the so-
called n : m resonance tongue. Thus, anywhere within the 1:1 tongue the
system oscillates at exactly the forcing frequency, anywhere within the 2:1
tongue the system oscillates at exactly half the forcing frequency and so on.
Outside a resonance tongue, the oscillations are no longer periodic; they are
rather quasi-periodic, characterized by two rationally independent frequencies,
ω0 and ωf .

Frequency locking and other general aspects of periodically-forced spatially
extended oscillatory systems [191] have been studied experimentally, using the
BZ reaction [156, 157] and catalytic surface reactions [129, 142], and theoret-
ically, using reaction-diffusion models [157, 175, 285] and the normal-form or
amplitude equation for forced oscillations [48, 47, 70, 293, 291, 14]. Forcing of
the BZ reaction has been achieved by illuminating the reaction cell uniformly
in space and periodically in time. Figure 8.1 shows experimental observation
of resonance tongues in that reaction. Besides n : 1 tongues for n = 1, ..., 5,
two additional tongues have been observed, 3:2 between 1:1 and 2:1, and 4:3
between 1:1 and 3:2. These tongues reflect a Farey-series order [109], accord-
ing to which any two resonances n : m and n′ : m′ give rise to a daughter
resonance (n+ n′) : (m+m′) in between [65, 94].

To get a better understanding of frequency locking let us consider the
amplitude equation for a periodically forced system in the vicinity of a Hopf
bifurcation. In the absence of forcing the amplitude equation coincides with
the CGL equation (6.53). The modification that the forcing introduces can
be deduced using symmetry considerations (see section 6.1.2.1). Consider a
system with a natural (Hopf) frequency ω0 subjected to periodic forcing with
a frequency ωf ≈ nω0, where n is an integer. In the vicinity of the Hopf
bifurcation a typical dynamical variable can be written as

u = Aeiω0t + c.c.+ · · · = Beiωf t/n + c.c.+ . . . , (8.1)

where the dots represent higher order terms. The amplitude B is introduced
for the sake of convenience; easily derivable constant solutions for B represent
resonant or frequency-locked oscillations. As we will shortly see, existence
conditions for such solutions provide the boundaries of the resonance tongues.
The relation between the two amplitudes is A = B exp (−iνt), where ν is the
detuning between the natural frequency ω0 and the actual locked frequency
ω = ωf/n,

ν = ω0 − ωf/n . (8.2)
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FIGURE 8.1: Experimental observation of resonance tongues for a light-
sensitive BZ reaction forced by a spatially uniform time-periodic illumination.
The horizontal axis represents the forcing frequency ff (ωf ), scaled by the
natural frequency f0 (ω0). The vertical axis represents the forcing amplitude.
From [157].
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Note that the detuning must be regarded as small, |ν|/ω0 ≪ 1, in order for B
to represent a slowly varying amplitude. The amplitude equation for B differs
from the CGL equation (6.53) in that it includes a detuning term, which can
be inferred by inserting A = B exp (−iνt) into the CGL equation, and an
additional term proportional to the forcing strength. The form of the latter
can be deduced from the following symmetry argument. The periodic forcing
breaks the continuous time-translation symmetry of the system but still leaves
a discrete symmetry, t→ t+2π/ωf . This implies that the amplitude equation
forB should be invariant under the transformationB → B exp (2πi/n). This is
a weaker invariance requirement compared to the requirement B → B exp iϕ,
with ϕ being an arbitrary constant, that holds in the absence of the forcing
and leads to the CGL equation. As a consequence additional terms in the
amplitude equation are allowed, including in particular terms of the form
B∗n−1.

We will mostly be concerned here with the 2:1 resonance (n = 2) for which
the amplitude equation is

∂tB = (λ+ iν)B + (1 + iα)∇2B − (1 + iβ)|B|2B + γB∗ , (8.3)

where ν = ω0 − ωf/2 and the constant γ is proportional to the forcing am-
plitude, which we assume to be small. The equation is obviously invariant
under the transformation B → B exp (2πi/n), which for n = 2 reduces to
B → −B. Equations of this form (hereafter the forced CGL equation) can
be derived systematically for specific models and for various forms of forcing,
using the multiple-scale method described in section 6. We note that not all
forcing forms necessarily contribute resonant terms at this low order of the
amplitude equation. The resonant term B∗ generally appears in models that
include parametric forcing of linear terms.

According to (8.1) with n = 2, stable stationary solutions of (8.3) describe
frequency-locked or resonant oscillations. In this Section we confine ourselves
to uniform solutions of this type and study them by writing the complex
amplitude in polar form, B = ρeiϕ. Equation (8.3) then gives the system of
equations

λ− ρ2 + γ cos(2ϕ) = 0

ν − βρ2 − γ sin(2ϕ) = 0,
(8.4)

which can be solved for ρ2:

ρ2± = (1 + β2)−1
[
λ+ νβ ±

√
(1 + β2)γ2 − (ν − λβ)2

]
. (8.5)

There are two conditions for the existence of these solutions. The first is
that the argument in the square root is positive, and the second is that the
expression for ρ2± is positive. Within the detuning range ν > −λ/β for β > 0
and ν < −λ/β for β < 0 these conditions give the existence threshold:

γb =
|ν − λβ|√
1 + β2

. (8.6)
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Outside this detuning range the threshold is γb =
√
λ2 + ν2. Solving (8.4)

for the phase ϕ too, we find a pair of solutions of (8.3) that appear in a
saddle-node bifurcation at γ = γb. A linear stability analysis of (8.3) indicates
that the solution obtained with ρ+ (ρ−) is stable (unstable). In addition to
this solution pair there exists a symmetric solution pair associated with the
invariance of (8.3) to the transformation B → B exp (iπ), i.e. a solution pair
with a phase shifted by ϕ. The appearance of the four solutions in a pair of
saddle-node bifurcations at γ = γb is shown in Figure 8.2. The phases of the
stable solutions are given by

ϕ0 =
1

2
arcsin

(
ν̃ − βγ̃

γ

)
, ϕπ = ϕ0 + π , (8.7)

where

ν̃ =
ν − βλ

1 + β2
, γ̃ =

√
γ2

1 + β2
− ν̃2 . (8.8)
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FIGURE 8.2: Bistability of phase states. Two stable phase states appear
in a symmetric pair of saddle-node bifurcations as γ is increased past the
boundary, γb, of the 2:1 resonance tongue. From [291].

To summarize this analysis, two stable stationary uniform solutions, B =
ρ+e

iϕ0 and B = ρ+e
iϕπ , of the amplitude equation (8.3) appear as γ is in-

creased past γb. They have the same amplitude, ρ+ but differ in their phases;
the phase of one solution, ϕπ, is shifted by π with respect to the phase, ϕ0,
of the other solution. The existence range of these solutions, shown in grey in
Fig. 8.3, defines the 2:1 resonance tongue. Within the tongue the system ad-
justs its oscillation frequency to exactly half the forcing frequency, even when
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ω0 ̸= ωf/2. Thus, the 2:1 forcing has created a bistable system characterized
by two uniform states that oscillate out of phase at exactly half the forcing
frequency anywhere within the 2:1 resonance tongue.
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FIGURE 8.3: The 2:1 resonance tongue according to equation (8.6) with
β = 0. Anywhere within the tongue (shaded area) the system oscillates at
exactly half the forcing frequency. From [291].

Two additional general aspects of periodically forced oscillatory systems
are front structures, associated with multi-stability of phase states (bistability
in the case of the 2:1 resonance), and symmetry-breaking spatial instabilities
of the uniform (zero amplitude) state that are induced by the forcing. These
two aspects will be studied in sections 8.2.1 and 8.3.1.

8.1.2 Wavenumber locking

In analogy to frequency locking in periodically forced oscillatory systems,
spatial periodic forcing of pattern-forming systems can result in wavenumber
locking. The picture, however, is more intricate because of the freedom of 2d
spatial systems to respond in a direction orthogonal to the forcing direction.
We will study this spatial resonance problem in a greater detail using am-
plitude equations derived from a periodically forced SH equation. Motivated
by the vegetation restoration problem (see Section 3.3.3), we consider a para-
metric spatial forcing of the SH equation rather than an additive forcing. The
reason is that the redistribution of soil water by the parallel dikes modulates
the biomass growth rate, a parameter that multiplies the biomass variable in
the biomass equation (see Section 9.2.1). The forced SH equation reads

ut = λu−
(
∇2 + k20

)2
u− u3 + γu cos (kfx) , (8.9)
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where kf is the forcing wavenumber, and γ is the forcing amplitude. Notice
that (8.9) is invariant under the transformation γ → −γ and x→ x+ π/kf .
The discussion can therefore be restricted to positive γ values without losing
generality. We first look for 1d wavenumber-locked stripe solutions whose exis-
tence ranges define the resonance tongues. In analogy to (8.1) we approximate
a stripe solution within or in the vicinity of an n : 1 resonance as

u = Aeik0x + c.c.+ · · · = Beikfx/n + c.c.+ . . . . (8.10)

We consider the vicinity of the instability to stripe patterns, 0 < λ ≪ 1 (see
Section 5.3.1), and use λ as the small parameter in a multiple-scale analysis
(see section 6.1.3.1). Specifically, we assume small, slowly varying amplitude
that satisfies |B| ∼ O(

√
|λ|), |∂xB| ∼ O(|λ|), |∂tB| ∼ O(|λ|3/2). We further

consider the vicinity of an exact resonance n : 1 by taking the detuning

νn = k0 − kf/n , (8.11)

to be small, νn ∼ O(
√
|λ|). Finally, we assume that the forcing is weak, γ ∼

O(
√
|λ|). A multiple-scale analysis to order |λ|3/2 then leads to the following

amplitude equation [179, 180]

∂tB = λB − 3|B|2B − (2ik0∂x + 2k0νn)
2B (8.12)

+
(
γ
2

)2
[(d+ + d−)B + δn,1d−B

∗] ,

where

d± =
1

k2f (kf ± 2k0)2
, (8.13)

and δn,1 is the Kronecker delta. Note that d± diverges for kf = ∓2k0, that
is, for the exact 2:1 resonance. This resonance requires a different scaling of
the forcing, γ ∼ O(|λ|), and is described by a slightly different amplitude
equation [172, 173]

∂tB = λB − 3|B|2B − (2ik0∂x − 2k0ν2)
2B +

γ

2
B∗ . (8.14)

Notice that a resonant term of the form B∗n−1 appears only in the amplitude
equation (8.14) for the 2:1 resonance (n = 2). For all other resonances such
terms do not appear up to the order of calculation, |λ|3/2. The amplitude
equations for these resonances (8.12) contain other resonant terms propor-
tional to γ2. Terms of the form B∗n−1 with n > 2 can appear at relatively
low orders when the parametric forcing include nonlinear terms, or when the
inversion symmetry u→ −u of (8.9) is broken [?].

Constant solutions of the amplitude equations (8.12) and (8.14) represent
n : 1 wavenumber-locked (resonant) stationary stripe patterns. For n ̸= 2 they
have the form [179, 180]

B = ρn exp(iϕ) , ρn =
1√
3

√
λ− (2k0νn)2 + dγ2/4, (8.15)
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with d = d+ + (1 + δn,1)d−. The phase ϕ is equal to zero or π for n = 1, but
undetermined for higher resonances at the order, |λ|3/2, of the calculation.
Both the zero and π phase values for n = 1 correspond to solutions of (8.12)
that are stable to uniform perturbations. The resonant stripe solutions exist
for γ > γn where

γn = 2

√
(2k0νn)2 − λ

d
. (8.16)

Wavenumber-locked patterns corresponding to the 2:1 resonance have the
form [173]

B = ρ2 exp(iϕ) , ρ2 =
1√
3

√
λ− (2k0ν2)2 +

γ
2 cos 2ϕ . (8.17)

with ϕ = 0, π/2, π, 3π/2. Of the four different phase values only ϕ = 0, π
represent stable solutions. These solutions exist for γ > γ2 where

γ2 = 2
[
(2k0ν2)

2 − λ
]
. (8.18)

Figure 8.4 shows the tongue-shaped existence ranges of n:1 resonant stripe
patterns with n = 1, ..., 4, for parameters above (λ > 0) and below (λ < 0)
the pattern forming instability. The solid lines in the figure are the resonance
boundaries obtained from equations (8.15) and (8.17) and the shaded regions
are the resonance ranges obtained by solving the forced SH equation (8.9)
numerically for stationary solutions, using a continuation method [60]. We
emphasize that the resonance tongues depicted in Fig. 8.4 represent ranges
of existence and stability to uniform amplitude perturbations. Nonuniform
instabilities, Eckhaus in 1d and 2d and zigzag in 2d, reduce the stability
ranges [173].

Of all resonances shown in Fig. 8.4, the 2:1 resonance region stands out
in its robustness. It is wider and, for λ < 0, i.e. below the pattern-forming
instability, it appears at lower forcing amplitude γ. This is because the forcing
is parametric, involving the linear term in the SH equation. Like in the os-
cillatory case, the 2:1 tongue contains a bistability range of two phase states,
shifted by π with respect to one another, except that the states correspond
to stationary stripe patterns rather than to uniform oscillatory states. In the
next section we will study the implications of bistability of phase states for
pattern formation.

8.2 Multistability of phase states and fronts

Resonant response to periodic forcing involves not only frequency or
wavenumber locking but also multiplicity of stable phase states. We have dis-
cussed already the bistability of phase states within the 2:1 resonance tongue
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FIGURE 8.4: Existence domains of resonant stripe solutions of (8.9), (a)
above the pattern forming instability (λ > 0), and (b) below it (λ < 0).
The shaded regions indicate the range of resonant solutions computed from
stationary solutions of (8.9), and the solid curves show the region bound-
ary approximations based on the amplitude equation approach. From [179].
Parameters: (a) λ = 0.001, (b) λ = −0.001.

of uniform oscillations and pointed out that an analogous bistability of phase
states exists within the 2:1 resonance tongue of stationary periodic patterns.
The local convergence to different phase states gives rise to spatial patterns
that involve phase fronts. These fronts shift the oscillation phase or the spatial-
pattern phase by 2π/n, where n represents the multiplicity of stable phase
states. We will mostly be concerned here with bistability of phase states, i.e.
with n = 2, and study the structure and stability properties of fronts that
shift the phase by π. In section 7.3.1 we used the FHN model to study two
front instabilities in bistable systems, a longitudinal instability - the NIB bi-
furcation, and a transverse instability. These are generic instabilities, which
we may expect to find in periodically forced systems too. We will show here
that this is indeed the case, addressing temporal forcing in Section 8.2.1 and
spatial forcing in Section 8.2.2. We will also briefly consider resonances higher
than n = 2 in the context of temporally forced oscillatory systems, and the
multi-phase patterns that can arise in such cases (Section 8.2.1).
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8.2.1 Temporally forced oscillatory systems

The amplitude equation for temporally forced oscillatory systems with
ωf ≈ 2ω0 is given by (8.3). Consider first the special case ν = α = β = 0
in which the equation is variational, that is, derivable from a Lyapunov func-
tional. The two stable phase states in this case are given by B = ±κ1 where
κ1 =

√
λ+ γ. Two types of front solutions, biasymptotic to κ1 =

√
λ+ γ

as x → −∞ and to −κ1 as x → ∞, are known to exist [48]. The first is a
real-valued solution that has the characteristics of an Ising front (see Section
7.3.1), as we will shortly see, and is given by

BIsing(x) = −κ1 tanh
(

1√
2
κ1x

)
. (8.19)

The second type of front solution is complex-valued and has the characteristics
of a Bloch front. There are two front solutions of this type, describing a pair
of Bloch fronts:

BBloch
±(x) = −κ1 tanh (κ2x)± iη sech(κ2x) , (8.20)

where κ2 =
√
2γ and η =

√
λ− 3γ. The Ising front (8.19) exists for all γ

values, while Bloch fronts (8.20) exist only below the threshold γNIB = λ/3.
In this variational limit the Bloch fronts are stationary, like the Ising front,
but their phase trajectories in the complex B plane are different as Fig. 8.5
illustrates; while Ising-front trajectories go through the origin, Bloch-front
trajectories bypass the origin, similarly to the trajectories shown in Fig. 7.20
for front solutions of the FHN model. In terms of the phase arg (B), Ising
fronts are characterized by a constant phase that suffers a discontinuous jump
by ±π at the front core, where B vanishes, while Bloch fronts are characterized
by smoothly rotating phases, either clockwise or anti-clockwise.

In the non-variational case the pair of Bloch fronts propagate in opposite
directions. Their velocities can be calculated analytically in the case of a
weakly non-variational system by approximating a Bloch front solution that
propagates at constant speed c as

BBloch(z) = B0(z) + ϵB1(z) + ... , (8.21)

where B0 is given by (8.20), B1 is the leading order correction, z = x − ct
and ϵ is a small parameter representing the small deviation from the varia-
tional limit, and therefore the sizes of ν, α, β and c. Inserting this form into
(8.3) leads at order ϵ to a linear equation for the correction B1. A solvability
condition, associated with the marginal translation mode, then provides the
following constraint on the front speed [48]:

c = ± 3πηκ1
2κ2(3λ− γ)

[βλ− ν + (α− β)γ] . (8.22)

A similar calculation carried out for B0 representing an Ising front (8.19)
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FIGURE 8.5: A schematic illustration of Ising and Bloch fronts as phase
trajectories in the complex amplitude plane, parameterized by the spatial
coordinate x. The solid horizontal line represents an Ising front while the
dashed lines represent the two types of Bloch fronts. Along an Ising trajectory
the phase, arg (B), is constant except at the origin, B = 0, where it jumps by
±π. Along Bloch fronts the phase rotates either clockwise or anti-clockwise
and |B| > 0.

shows that Ising fronts remain stationary, both below and above the threshold
γNIB , also in the non-variational case. These results suggest the existence
of a NIB bifurcation, that is, a pitchfork front bifurcation that renders a
stationary Ising front unstable and gives rise to a pair of counter-propagating
Bloch fronts, very much like the NIB bifurcation found for the FHN model.
Numerical studies of (8.3) indeed confirm this expectation, as the bifurcation
diagram in Fig. 8.6 shows (compare with Fig. 7.19). Note that while in the
FHN model the fronts separate two uniform stationary states, in the context of
forced oscillations they separate two uniform states that oscillate out of phase,
i.e. with a phase shift of π. Figure 8.7 shows the threshold curve γ = γNIB
within the 2:1 resonance tongue, which split the tongue into a lower Bloch-
front part and an upper Ising front part.

In section 7.3.1 we argued that the NIB bifurcation designates a transition
from stationary patterns in the Ising regime to traveling-wave patterns in the
Bloch regime, and demonstrated that using the FHN model. The NIB bifurca-
tion in the forced CGL equation plays a similar role in designating a transition
from standing-wave patterns (stationary solutions of the amplitude equation)
to traveling-wave patterns. However, in the context of forced oscillations it
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FIGURE 8.6: The nonequilibrium Ising-Bloch bifurcation diagram for equa-
tion (8.3). For γ > γNIB there is a single stable Ising front with zero speed.
For γ < γNIB the Ising front is unstable and there are a pair of stable counter-
propagating Bloch fronts. The insets show the Re(B) curves (solid blue) and
Im(B) curves (dashed green) across the front position. Parameters: λ = 1.0,
ν = 0.01 and α = β = 0. From [175].

FIGURE 8.7: The NIB threshold within the 2:1 resonance tongue for the
forced CGL equation (8.3). Inside the tongue-shaped region bounded by the
solid lines γ = γb uniform solutions are frequency-locked (resonant). Nonuni-
form oscillations are frequency-locked only above the dashed curve γ = γNIB.
Parameters λ = 1.0, ν = 0.01 and α = β = 0. From [175].
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has an additional significance - it also designates a transition from resonant
standing-wave patterns to non-resonant traveling-wave patterns. This is be-
cause stationary solutions of (8.3) for the oscillation amplitude B correspond
to resonant oscillations at ωf/2 (see (8.1)), while time-dependent solutions do
not. The NIB threshold γ = γNIB therefore restricts the resonance range of
nonuniform oscillations to the Ising regime, γ > γNIB . In the Bloch regime
γb < γ < γNIB uniform oscillations are still resonant but nonuniform os-
cillations involve traveling waves, which shift the oscillation frequency and
therefore are not resonant. These theoretical predictions have been confirmed
in numerical studies of a forced FHN model and in experiments on a forced
BZ reaction as Fig. 8.8 shows [157].

In two-space dimensions fronts can go through transverse instabilities
too [293, 291]. In the bistable FHN model we found that a transverse insta-
bility of an Ising front far from the NIB bifurcation can lead to fingering, tip
splitting, and eventually to stationary labyrinthine patterns (see section 7.3.1).
A similar behavior is found also in 2:1 forced oscillatory systems [293, 175]. In
addition, approaching the NIB bifurcation can lead to spatio-temporal chaos
as found in the FHN model (see section 7.3.1). Figure 8.9 shows such processes
in numerical simulations of the FCGL equation (8.3) and in experiments on
the periodically forced BZ reaction. In both cases the initial condition is a
nearly planar front separating the two stable phase states. The transverse in-
stability that develops induces front-reversal events along the front line and
the nucleation of spiral-vortex pairs. The process appears to continue indefi-
nitely, leading to a state of spatio-temporal chaos with vortices spontaneously
nucleating and annihilating in the whole spatial domain [174, 175].

Interesting front dynamics are also obtained within the 4:1 resonance,
which gives rise to four stable uniform phase states. In all states the oscil-
lating frequency is locked to ωf/4 but the oscillation phase shifts from one
state to another by π/2. This state multiplicity allows for two types of fronts,
traveling fronts that shift the phase by π/2 (π/2-fronts) and stationary fronts
that shift the phase by π (π-fronts). Analytical and numerical studies [72] of
the interaction between a pair of π/2-fronts using the amplitude equation for
this resonance (the CGL equation with a forcing term γB∗4) reveal a change
from attractive to repulsive interactions as the forcing strength decreases be-
low a critical value. Associated with this front-interaction change is a front
instability from a stationary π-front at strong forcing to a pair of propagat-
ing π/2-fronts at weak forcing. This π-front instability designates a transition
from stationary two-phase patterns (representing standing two-phase waves)
at strong forcing to traveling four-phase patterns at low forcing. An exam-
ple of the reverse transition is shown in Fig. 8.2.1; a stable four-phase spiral
wave at weak forcing destabilizes into a stationary two-phase wave upon in-
creasing the forcing strength. A Similar instability have been found for higher
even resonances, e.g. a stationary π-front decomposing into three traveling
π/3-fronts within the 6:1 resonance [73]. The π-front instability, predicted by
the amplitude-equation analysis, has been found in direct numerical studies
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FIGURE 8.8: Power spectra for non-resonant Bloch spiral waves (a-c) and
resonant Ising standing-waves (d-f) within the 2:1 resonance tongue of a forced
BZ reaction. The three panels (top to bottom) correspond to negative, zero
and positive detuning ν = ωf (ω0/ωf −0.5). In panels (a-c) the power spectra,
normalized to the forcing frequency ff , show that the largest response at non-
zero detuning (panels a,c) is near, but not exactly at half the forcing frequency
as indicated by the vertical line. The spiral waves therefore do not lock to the
forcing frequency. In panels (d-f) the largest response is at exactly half the
forcing frequency also for non-zero detuning (panels d,f), indicating that the
standing waves are resonant. Adopted from [157].
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FIGURE 8.9: Spiral-vortex nucleation and formation of spatio-temporal
chaos in a numerical solution of equation (8.3) (left) and in the forced BZ
reaction (right). Panels (a)-(c) show the oscillation phase at three different
times while panels (d)-(f) show the front line and the position of vortices
along it (shown as solid circles) at the corresponding times. Perturbations on
an unstable front grow and pairs of vortices form along the front (panels a,b
and d,e). The process continues until an asymptotic state of spatio-temporal
chaos is achieved with repeating events of vortex-pair nucleation and annihi-
lation across the whole system (panels c and f). From [174].
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FIGURE 8.10: Numerical solution of the amplitude equation for the 4:1
resonance, showing the collapse of a rotating four-phase spiral-wave into a
stationary two-phase pattern when the forcing is strong enough. The panels
show the oscillation phase in the x-y plane. (a) The initial four-phase spiral
wave computed as a stable solution at weak forcing. (b) The spiral core, a
4-point vertex, splits into two 3-point vertices connected by a π-front. (c) A
two-phase pattern develops as the 3-point vertices further separate. (d) The
final stationary two-phase pattern. From [72].

of a periodically forced FHN model but has not been confirmed yet in exper-
iments [155].

Temporally forced oscillatory systems provide excellent examples of pat-
tern formation that results from multiplicity of stable uniform states (see
Section 7.2). Besides two-phase patterns within the 2:1 resonance tongue and
four-phase patterns within the 4:1 tongue of the forced BZ reaction, multi-
phase patterns have also been observed within the 3:1, 5:1 and 6:1 tongues, as
Figure 8.2.1 shows [157]. The 2:1 resonance, however, also gives rise to pattern
formation by a nonuniform instability of a uniform state (see Section 7.1). An
instability of this kind will be discussed in section 8.3.1.

8.2.2 Spatially forced stripe-forming systems

The 2:1 resonance of spatially forced stripe-forming systems gives rise to a
pair of stable, wavenumber-locked stripe patterns that differ from one another
by a phase shift of π (equation (8.17)). Bistability of this kind allows for front
solutions that are biasymptotic to the two periodic stripe solutions, with a
sharp phase shift of π across their cores. Two types of fronts are possible, (i)
longitudinal fronts aligned parallel to the stripe direction, and (ii) transverse
fronts aligned perpendicular to the stripe direction. Both are solutions of the
amplitude equation

∂tB = λB − 3|B|2B − (2ik0∂x − 2k0ν2 + ∂2y)
2B +

γ

2
B∗ , (8.23)

which is the the 2d extension of (8.14) (see also Section 6.1.3.1). The lon-
gitudinal fronts are solutions B = B(x, t) that are independent of y. Under
conditions of exact 2:1 resonance, i.e. ν2 = 0, they satisfy an amplitude equa-



External modulations of pattern forming systems 199

phase angle phase angle phase angle

FIGURE 8.11: Multi-phase traveling waves in the forced BZ reaction within
the 3:1 (a,b), 5:1 (c,d) and 6:1 (e,f) resonances. Shown for each resonance are
the phase distribution in the x, y plane (top) and a phase histogram (bottom)
that clearly shows the prevalence of domains with 3 (b), 5 (d) and 6 (f) distinct
phase angles equally distributed along the circle. From [157].

tion that can be brought to the form

∂tB = λB − |B|2B + ∂2xB + γB∗ , (8.24)

with appropriate rescaling of B, x and γ (for simplicity we kept the same
notation for the rescaled quantities). Equation (8.24) is the variational limit
of the forced CGL equation (8.3) where all imaginary constants are set to
zero. We have already considered this limit in section 8.2.1, and presented
analytical solutions, (8.19) and (8.20), describing stationary Ising and Bloch
fronts. Both the Ising and the Bloch fronts shift the phase of the stripe pattern
by π, but while the Ising front shifts the phase discontinuously and vanishes
at the front core, the Bloch fronts shift the phase smoothly, clockwise and
counter-clockwise in the complex B plane, and do not vanish at the core.

The transverse fronts are solutions B = B(y, t) of (8.23) that are inde-
pendent of x and satisfy an amplitude equation that can be brought to the
form

∂tB = λB − |B|2B − ∂4yB + γB∗ . (8.25)

This equation also has a stationary Ising-front solution that goes through a
NIB bifurcation as γ is decreased below a critical value γNIB [139]. Here too,
all fronts are stationary and shift the phase of the stripe pattern by π except
that now they are aligned perpendicular to the stripes. Figure 8.2.2 shows an
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Ising front, representing a discontinuous phase jump by π, and a Bloch front,
representing a smooth transverse phase shift. The amplitude B vanishes along
the core line of the Ising front but is bounded away from zero in the case of
Bloch fronts. Also shown in Fig. 8.2.2 is a Bloch vortex solution representing
two different Bloch fronts that meet at a point defect, where the amplitude
B(x, y) vanishes.

FIGURE 8.12: Stationary transverse fronts in 2:1 spatially forced stripe
patterns. An Ising (left panel) and Bloch (middle panel) fronts, shifting the
phase of the stripe pattern along the vertical (y) axis by π. In an Ising front
the phase shift is discontinuous and the amplitude vanish at the front core. In
a Bloch front the phase shift is continuous; in the complex amplitude plane the
phase rotates smoothly either clockwise or counter-clockwise, as in Fig. 8.5.
When the front line comprises the two Bloch front types, a vortex structure
(dislocation defect) forms where two Bloch fronts meet. At the core of the
vortex the phase is singular and the amplitude vanishes (right panel). From
[146].

Both Ising and Bloch fronts can act as buiding blocks for more complex
spatial patterns. These patterns may involve stable line defects associated with
longitudinal and transverse Ising and Bloch fronts, point defects associated
with Bloch vortices, bounded pairs of transverse fronts [139] and possibly more
complex clusters of fronts and vortices. The rich spatio-temporal dynamics
found in forced oscillations, however, is absent here because of the variational
nature of the amplitude equations.

8.3 Symmetry breaking instabilities

There is a third type of response to periodic forcing, besides frequency or
wavenumber locking and the appearance of multiphase patterns, that involves
the creation of a new state. The new state appears as a result of an additional
instability of the zero state, i.e. the state that went through the basic instabil-
ity to periodic oscillations or periodic patterns. Temporal forcing (periodic in
time and uniform in space) of a system that goes through a Hopf bifurcation
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to uniform oscillations, can induce a nonuniform stationary instability (i.e.
Turing-like) of the zero state, in addition to the Hopf instability that leads
to standing waves [293, 291]. Spatial forcing (periodic in space and constant
in time) can break the remaining symmetry along the stripes and lead to 2d
oblique or rectangular patterns [172]. We will study these instabilities and
their effects on resonant system response and pattern formation in Sections
8.3.1 (temporal forcing) and 8.3.2 (spatial forcing).

8.3.1 Instabilities induced by temporal forcing

We focus on the 2:1 resonance because forcing in higher resonances gen-
erally introduces to the amplitude equations terms of the form B∗n−1, which
are nonlinear for n > 2 and therefore do not affect the linear stability of the
zero state. In order to identify the Turing-like instability that the 2:1 tem-
poral forcing induces, we study the amplitude equation (8.3). Writing the 1d
version of (8.3) in terms of the real and imaginary parts U and V of the com-
plex valued amplitude B = U + iV , we study the stability of U = V = 0 to
infinitesimal perturbations of the form[

δU(x, t)
δV (x, t)

]
=

[
u0k
v0k

]
eσt+ikx + c.c. . (8.26)

Insertion of this form into the coupled equations for U and V and linearization
in u0k and v0k (see section 5.3.2) lead to the dispersion relation [291]

σ(k) = λ− k2 ±
√
γ2 − (ν − αk2)2 . (8.27)

Note that in the absence of the forcing (γ = 0) this dispersion relation gives
a uniform oscillatory instability at λ = 0 with a frequency ν. This is the
original Hopf bifurcation as can be seen by inserting B = A exp (iν) into (8.1)
for n = 2.

The conditions for a nonuniform stationary instability at a critical forcing
value γc are σ(k0) = 0, dσ/dk|k=k0 = 0 and d2σ/dk2|k=k0 < 0, where k0 is
the wavenumber of the mode that begins to grow at γ = γc. Applying these
conditions to (8.27) we obtain

γc =
ν − αλ√
1 + α2

k20 =
λ+ να

1 + α2
. (8.28)

Above γc stationary periodic solutions B = Bs(x) of (8.3) appear. These so-
lutions describe resonant standing waves As(x, t) = Bs(x) exp (iωf t/2) of the
original problem. Recall that constant solutions of (8.3) represent resonant
uniform oscillations, which appear above γb (see (8.6)). Comparing the ex-
pressions for γb and γc, a forcing range, γc < γ < γb, can be identified where
the system is outside the 2:1 resonant tongue of uniform oscillations but above
the threshold for resonant standing waves. This raises the following interesting
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question: can nonuniform oscillations extend the resonant response to forcing-
frequency ranges outside the tongue of resonant uniform oscillations? In order
to address this question we need to study the interplay between non-resonant
uniform oscillations outside the 2:1 tongue and resonant standing waves.

Non-resonant oscillations are described by oscillatory solutions of (8.3).
The appearance of such solutions can be studied using the dispersion re-
lation (8.27), viewing λ as the bifurcation parameter. The conditions for a
uniform oscillatory instability are σ = iω0, k = 0, dσR/dk|k=0 = 0 and
d2σR/dk

2|k=0 < 0, where σR is the real part of σ. Applying these condi-
tions to (8.27) we obtain the following results for the instability threshold and
the oscillation frequency:

λc = 0 ω2
0 = ν2 − γ2 . (8.29)

Setting λ = λc in (8.28) we obtain the Hopf-Turing codimension-2 point,

λc = 0 γc =
ν√

1 + α2
,

at which the nonuniform stationary instability and the uniform oscillatory
instability of the zero state coincide. At this point both the Turing mode
and the Hopf mode have zero growth rates as Fig. 8.13 shows. The frequency
of the Hopf mode, ω0, and the wavenumber of the Turing mode, k0, at the
codimension-2 point are given by

ω0 =
να√
1 + α2

k20 =
να

1 + α2
.

The Hopf-Turing bifurcation has been discussed earlier in section 7.2.3. As
Fig. 7.17(a) indicates a pure-Turing state may exist beyond the Hopf bifur-
cation, either as a monostable state or as a stable state in a bistability range
with the pure-Hopf state. Both cases correspond to resonant standing waves
outside the 2:1 resonance tongue of uniform oscillations. Figure 8.14 shows
numerical solutions of (8.3) that demonstrate the prevalence of stationary
Turing patterns in a bistability range with uniform Hopf oscillations; small
initial pattern domains grow and expand into uniformly oscillating domains
until a stationary labyrinthine pattern occupying the whole system is obtained.
This behavior occurs outside the 2:1 resonance tongue and corresponds, in the
original system, to the invasion of resonant labyrinthine standing waves into
non-resonant uniform oscillations. We conclude that the symmetry-breaking
Turing instability induced by the temporal forcing can extend the range of
resonant oscillations by forming standing wave patterns [292]. This range ex-
tension can be viewed as a dispersive effect that acts to reduce the detuning
ν to an effective detuning ν − αk2 within the 2:1 resonance tongue.

8.3.2 Instabilities induced by spatial forcing

In the previous section we discussed the effects of spatially uniform time-
periodic parametric forcing of a system whose zero state goes through a uni-



External modulations of pattern forming systems 203

ℜ e σ

0 0.5 1.5
−1

0

0.5

 k
0
  k 

FIGURE 8.13: Hopf-Turing bifurcation in 2:1 temporally forced oscillatory
systems. Shown are growth rates curves, obtained from the dispersion relation
(8.27), showcasing the simultaneous growth of a uniform oscillatory mode
(Re[σ(0)] = 0, Im[σ(0)] = ω0 ̸= 0) and of a nonuniform stationary mode
(σ(k0)] = 0). From [291].

form oscillatory instability. We found the surprising results that a uniform
forcing can induced a symmetry-breaking instability of the zero state to reso-
nant nonuniform standing-wave patterns and that these resonant patterns can
persist outside the 2:1 resonance tongue of uniform oscillations. In this section
we study the spatial counter-part of this problem, i.e. stationary stripe-forming
systems subjected to stripe-like parametric forcing, and find analogous behav-
iors: as Fig. 8.15 shows, the forcing can break the remaining symmetry along
the stripes and lead to 2d oblique or rectangular patterns. These patterns res-
onate with the forcing in a range much wider than the 2:1 resonance of stripe
patterns, as we will shortly see [172].

We derive these results using the forced SH equation (8.9), which corre-
sponds to a forcing wave-vector kf = kf x̂, where kf ∈ (0, 2k0). Unlike the 1d
analysis in Section 8.1.2, we will not restrict ourselves here to small detuning
from exact 2:1 resonance, and consider ν2 to be of order unity. We recall that
the zero state in the unforced system goes through a stationary non-uniform
instability as λ becomes positive. Stable stripe patterns for 0 < λ≪ 1 occupy
a narrow band of wavenumbers bounded by the zigzag and Eckhaus insta-
bility thresholds as Fig. 6.4 illustrates. The application of a near resonant
(|ν2| ≪ 1) weak forcing extends the existence range of 1d stable stripe pat-
terns to λ values as low as λ = −γ/2 (for ν2 = 0), and stabilizes them by
extending the boundaries of the zigzag and Eckhaus instabilities to lower and
higher wavenumbers, respectively [173]. In these extended ranges the stripe
patterns are locked to the forcing in a 2:1 resonance. Outside these ranges
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(c)

(f)(e)(d)

(b)(a)

FIGURE 8.14: A numerical solution of (8.3) in the range γ < γb (but suffi-
ciently close to γb), showing the gradual development of a stationary pattern
from uniform oscillations. Panels (a)-(f) show the U field at successive time
steps. The uniform oscillations correspond, in the original system, to unlocked
oscillations while the asymptotic stationary pattern corresponds to resonant
labyrinthine standing waves. From [291].

stripe patterns are mostly quasi-periodic, resembling the quasi-periodic oscil-
lations in the temporal counter-part problem.

The two-dimensional extent of the system, however, allows for an addi-
tional response form; the growing spatial modes can still lock their wave-
vector components in the forcing direction, kx, to the forcing in a 2:1 reso-
nant, kx = kf/2, and compensate for the unfavorable wavenumber by creating
a wave-vector component, ky, in the orthogonal direction, such that the total

wavenumber, k =
√
k2x + k2y, is equal to k0, the preferred wavenumber that

minimizes the Lyapunov functional of (8.9). Such oblique modes have wave-
vectors k± = kxx̂±kyŷ, where kx = kf/2 and ky =

√
k20 − k2x, that lie on the

circle k = k0. To test this proposition we approximate a solution of (8.9) as

u ≈ aei(kxx+kyy) + bei(kxx−kyy) + c.c. , (8.30)

with kx and ky satisfying the above requirements, and assume λ and γ are
small. Using the method of multiple scales, assuming a and b vary weakly in
time, the following equations for the amplitudes a and b can be derived [173]:

∂ta = λa− 3(|a|2 + 2|b|2)a+ γ

2
b∗,

∂tb = λb− 3(|b|2 + 2|a|2)b+ γ

2
a∗ .

(8.31)

A linear stability analysis of the zero solution a = b = 0 (which corresponds
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FIGURE 8.15: Two-dimensional response to a one-dimensional spatially-
periodic parametric forcing in the forced SH equation (8.9). A system that
supports a stripe pattern with wave-number k0 (a), responds to a stripe-like
forcing with a wave-number kf > k0 (b), by forming an oblique pattern when
the forcing is sufficiently weak (c), or a rectangular pattern with stronger forc-
ing (d). Both two-dimensional patterns are resonant since their wave-vector
components in the forcing direction are exactly half the forcing wave-number.

to the zero state, u = 0, of (8.9)) shows that it becomes unstable as λ exceeds
λc = −γ/2. To find out which solutions the zero state evolves towards beyond
the instability point we write the amplitudes in polar forms, a = ρa exp (iα)
and b = ρb exp (iβ), and express (8.31) as

∂tρa = λρa − 3(ρ2a + 2ρ2b)ρa +
γ

2
ρb cos(φ) ,

∂tρb = λρb − 3(ρ2b + 2ρ2a)ρb +
γ

2
ρa cos(φ) ,

(8.32)

and

∂tφ = −γ
2

(
ρb
ρa

+
ρa
ρb

)
sin(φ) , (8.33)

where φ = α + β. Constant solutions of (8.32) and (8.33) give the following
solutions to (8.31)

a0 = ρ0e
iα, b0 = ρ0e

−iα , (8.34)

where

ρ0 =
1

3

√
λ+

γ

2
, (8.35)

and α is an arbitrary constant associated with the continuous symmetry of
translations in the y direction. These solutions describe rectangular patterns.
Their existence range is given by λ > −γ/2 and 0 < ν2 < k0 (in order for
ky to be real and kf > 0). Linear stability analysis of these solutions yields
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FIGURE 8.16: Bifurcation diagram showing the appearance of rectangular
patterns (a0, b0) at λ = −γ/2 [see (8.34) and (8.35)], and their destabilization
to oblique patterns (a+, b−) and (a−, b+) at λ = γ [see (8.36) and (8.37)].
From [172].

the stability condition, −γ/2 < λ < γ. Since the solutions (8.34) are indepen-
dent of x they describe resonant patterns; the x component of the pattern’s
wave-vector is locked to kf/2. A significant outcome of this analysis is that
rectangular patterns are resonant over a wide and continuous detuning range
|ν2| ∼ O(1), despite the fact that the forcing intensity γ can be very small.
This is unlike the resonance-tongues of stripe solutions, where the locking
range is small and scales with the forcing intensity (see Fig. 8.4).

What type of pattern solutions appear beyond the instability threshold
λ = γ of rectangular patterns? Looking for stationary solutions of (8.32) and
(8.33) in the range λ > γ we find two new solution families that bifurcate
from the rectangular-pattern solutions:

a± = ρ±e
iα, b± = ρ±e

−iα , (8.36)

where

ρ± =

√
λ±

√
λ2 − γ2

6
, (8.37)

and α is an arbitrary constant. These solutions break the symmetry between
the two oblique modes, as the bifurcation diagram in Figure. 8.16 shows, and
give rise to oblique patterns. They are linearly stable in the range λ > γ, and
therefore prevail when the forcing is weak. Like the rectangular patterns, the
oblique patterns are also resonant, because the wave-vector component in the
forcing direction x is exactly half the forcing wave-number, kx = kf/2.
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The stability ranges of two-dimensional rectangular and oblique patterns
in the (kf/k0, γ) plane are shown in Fig. 8.17, along with the existence range
of one-dimensional stripe patterns in the 1:1 and 2:1 resonance. Also shown are
actual patterns that exist at selected points in this plane. Both rectangular
and oblique patterns change from stripe patterns along the x direction, in
the limit ν2 → 0, to stripe patterns along the y direction, in the limit ν2 →
k0. Accordingly, the pattern’s wave-vector component in the x direction is
continuously controllable by the forcing from kx = k0 (ν = 0) to kx = 0
(ν2 = k0). At ν2 = k0/4 the rectangular patterns become square patterns and
the oblique stripes are exactly diagonal.

1.0 1.5 2.0 2.5

k f / k0
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2:1 stripes1:1 stripes

rectangular
patterns

oblique
patterns
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A B C D

"

FIGURE 8.17: Stability domains of resonant rectangular and oblique pat-
terns obtained from linear stability analysis of (8.32), and the existence do-
mains of 1:1 and 2:1 resonant stripe solutions. Rectangular patterns destabi-
lize to oblique patterns as γ decreases below λ. The patterns in the panels
A,B,C,D below the diagram show representative numerical solutions of (8.9)
with the parameters indicated by the corresponding letter in the diagram
above. From [179].

According to the analysis presented above, stripe patterns associated with
resonance tongues in the range kf < 2k0 coexist with 2d rectangular and
oblique patterns, which raises the question: are resonant stripe patterns stable
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to the growth of the 2d patterns? We study this question by approximating a
solution of (8.9) as a superposition of a stripe mode and two oblique modes

u ≈ Beikfx + a ei(kxx+kyy) + b ei(kxx−kyy) + c.c. , (8.38)

where kx = kf/2 and ky =
√
k20 − k2x, and deriving coupled equations for the

three amplitudes A, a and b in the vicinity of the 1:1 resonance. We present
below the amplitude equations for the more general case of an asymmetric
forced SH equation

ut = λu+ αu2 − u3 −
(
∇2 + k20

)2
u+ γu cos (kfx) , (8.39)

where the additional quadratic term breaks the inversion symmetry u→ −u.

0.7 1.0 1.3
kf/k0

0.00

0.25

0.50

γ

(a)

0.7 1.0 1.3
kf/k0

(b)

FIGURE 8.18: Existence and stability domains of 1 : 1 resonant stripe solu-
tions of (8.40). The shaded areas indicate the existence domains and the dark
shaded areas are the stability regions. (a) Above a critical λ value the stabil-
ity region is contiguous. (b) Below that critical value, 1:1 stripe solutions are
unstable to the growth of oblique modes in a range of the forcing amplitude,
γ, even at exact resonance kf = k0. From [179]

A multiple-scale analysis, assuming kf ≈ k0, γ ∼ O(
√
λ) and α ∼ O(

√
λ),

and considering for simplicity spatially uniform amplitudes, leads to

dB

dt
= (λ− 4k20ν

2)B − 3
(
|B|2 + 2|a|2 + 2|b|2

)
B + 2αa∗b∗

+ 1
4γ

2(d+ + d−)B + 1
4γ

2d−B
⋆ + ... , (8.40a)

da

dt
= λa− 3

(
|a|2 + 2|b|2 + 2|B|2

)
a+ 1

2γb
⋆ + 2αB∗b∗ + ... ,(8.40b)

db

dt
= λb− 3

(
|b|2 + 2|a|2 + 2|B|2

)
b+ 1

2γa
⋆ + 2αB∗a∗ + ... , (8.40c)
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(a) (b) (c)

FIGURE 8.19: Resonant patterns in the forced asymmetric SH equation
(8.39). The top panels show the patterns in the x, y plane (x is the horizontal
axis). The bottom panels show the corresponding power spectra. The small
squares denote power peaks and their positions relative to the circle of radius
k0 (darker shades of the squares correspond to higher power). (a) Resonant 1:1
stripes, k = ±kf x̂. (b) Resonant 2:1 rectangular patterns with oblique modes
k = ±[kxx̂ ± kyŷ] of equal power, |a| = |b|, where kx = kf/2 and |k| = k0,
and stripe modes k = ±kf x̂. (c) Resonant 2:1 oblique patterns with the same
oblique modes but of different power, |a| ̸= |b|, and the same stripe modes.
Parameters: γ = 0.05, α = 0.1, k0 = 1, kf = 1.15, λ = 0.05 for the rectangular
solution and λ = 0.15 for the stripe and oblique solutions.

where d± are given by (8.13) and the ellipses denote higher order terms
[179, 180]. Using (8.40) with α = 0 we can study the stability of resonant
stripe solutions of the forced SH equation (8.9), which correspond to constant
solutions of (8.40) of the form (B, 0, 0). A linear stability analysis of such so-
lutions indeed shows that 1:1 resonant stripe solutions can lose stability to the
growth of the two oblique modes. This instability reduces the stability range
of these solutions, as Fig. 8.18(a) shows, and may even completely destabilize
them for some range of λ as Fig. 8.18(b) shows. This is in contrast to the
behavior of 1d systems for which a 1d forcing always acts to stabilize stripe
patterns. It reflects the advantage of 2d patterns in avoiding a compromise on
the preferred wavenumber k0 by forming 2d patterns that are still locked to
the forcing. These intriguing results have been confirmed in direct studies of
(8.9), but are valid for weak forcing (γ ≪ 1) and close to the pattern forming
instability of the unforced system (0 < λ≪ 1).
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Consider now equations (8.40) for α ̸= 0. Resonant stripe solutions of the
form (B, 0, 0) still exist, as Fig. 8.19(a) shows, but solutions that describe pure
rectangular or oblique patterns, i.e. solutions of the form (0, a, b), no longer
exist. Instead, equations (8.40) have mixed solutions, (B, a, b), involving both
the stripe mode and the two oblique modes. As Fig. 8.19(b,c) shows, these so-
lutions still describe resonant patterns for which kx = kf/2. Moreover, we can
still distinguish between rectangular patterns, for which |a| = |b|, and oblique
patterns, for which |a| ̸= |b|. The presence of the stripe mode, however, im-
parts to the rectangular patterns hexagonal-like forms. In fact, at exact 1:1
resonance (kf = k0) the three modes have wave-vectors that are oriented 2π/3
degrees apart with moduli all equal to k0, as is the case with hexagonal pat-
terns (see Fig. 7.2). We will reconsider the general structure of the amplitude
equations (8.40) in Section 12.3.2 where we discuss the restoration of degraded
areas by periodic landscape modulations.

Chapter summary

Pattern forming systems are often subjected to external periodic forcing,
which can be an inherent aspect of the system’s environment or intentionally
applied as a means of pattern control. In model equations, the forcing often
appears as modulations of parameters that multiply state variables (paramet-
ric forcing). There is much in common in the response of an oscillating system
to a temporal periodic forcing and the response of a pattern-forming system
to a spatial periodic forcing. There are also important differences that stem
from the higher dimensionality of the physical space as compared with the
one-dimensional time axis.

The first common aspect pertains to the interplay between intrinsic and
extrinsic periodicities. A temporally forced oscillatory system can adjust its
oscillation frequency to a rational fraction of the forcing frequency, provided
the forcing is strong enough. Such a response, which is called frequency lock-
ing, occurs within tongue-like domains in the plane spanned by the forcing
frequency and the forcing amplitude. Anywhere within a tongue the oscilla-
tion frequency of the system, ω, is determined by the forcing frequency, ωf ,
through a relation of the form ω = (m/n)ωf , where m and n are integers.
For a given forcing frequency the integers n and m are determined such that
ω is sufficiently close to the oscillation frequency, ω0, of the unforced sys-
tem. These integers define the n : m resonance tongue. A similar behavior
is found in spatially forced 1d pattern-forming systems with ωf , ω0 and ω
replaced, respectively, by the forcing wavenumber, kf , the pattern wavenum-
ber of the unforced system, k0, and the actual wavenumber, k, that is locked
to the forcing. Amplitude equations derived for the forced systems can be
used to determine the tongue boundaries and the resonant solutions that de-
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scribe frequency-locked oscillations or wavenumber-locked patterns within the
tongues.

The second common aspect is the appearance of multiple stable phase
states inside resonance tongues. The local convergence to different phase states
gives rise to spatial patterns that involve phase fronts. Special attention has
been given in this chapter to the 2:1 resonance, which gives rise to bistability
of states with a phase difference of π, and to phase fronts that locally shift the
phase by π. These fronts can go through nonequilibriun Ising-Bloch (NIB) bi-
furcations, very much like fronts in other bistable systems (see Section 7.3.1).
In the case of temporally forced oscillatory systems, the NIB bifurcation des-
ignates a transition from standing-wave patterns to traveling-wave patterns,
and, when acting in concert with a transverse front instability, can lead to
spontaneous spiral-wave nucleation and spatio-temporal chaos. In the case of
spatially forced pattern-forming systems, two types of fronts can be distin-
guished; longitudinal fronts that shift the pattern phase in the wavevector
direction, and transverse fronts that shift the phase in a direction normal to
the pattern’s wavevector. Both types of fronts can go through NIB bifurca-
tions, but in this case all fronts are stationary. Higher resonance tongues of
forced oscillations can give rise to multi-phase traveling waves, e.g. four-phase
spiral waves within the 4:1 resonance tongue, and to phase-front instabilities
involving a change in the phase shifts that the fronts make.

The third aspect that is common to temporally forced oscillatory systems
and to spatially forced pattern-forming systems is the induction of a sym-
metry breaking instability by the forcing. In both cases this is an additional
instability that the original stationary uniform state goes through. In the case
of oscillatory systems the forcing leads to a Turing-like instability, in addition
to the Hopf bifurcation, that results in standing-wave patterns. In the case
of pattern-forming systems the forcing induces an instability to 2d station-
ary oblique or rectangular patterns, in addition to the instability to stripe
patterns. An interesting consequence of these instabilities is the possible ex-
tension of the ranges of frequency-locked oscillations and wavenumber locked
patterns.

The range extension of resonant response is also the main aspect by which
wavenumber locking differs from frequency locking. While resonant oscillations
occupy relatively small locking ranges - the narrow resonance tongues - which
reflect their limited capacity to adjust their frequency to the forcing, resonant
2d patterns can occupy large locking ranges. This is because of the freedom of
spatial patterns in 2d systems to respond in a direction normal to the forcing;
they lock their wavevector component in the forcing direction to half the
forcing wavenumber and compensate for unfavorable wavenumbers by building
wavevector components in the orthogonal direction. This mechanism leads to
resonant 2d patterns that occupy the whole range 0 < kf < 2k0. As this wide
range includes the 1:1 resonance tongue, the question which pattern dominates
the other, resonant stripes or resonant 2d patterns, arises. Analysis of coupled
amplitude equations for a stripe and two oblique modes shows that resonant
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stripe patterns may become unstable to the growth of oblique modes. As a
result, the range of stable resonant stripe patterns narrows down and may
even vanish.


