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1.

NOTES ON BAND-STRUCTURES

Let us first assume that the periodic potential of the crystal is vanishingly small. Then the
only effect of the periodicity is the periodicity of the energy with the reciprocal-lattice vector
G,
0
,
Ek0 = E|k+G|

Ek0 =

~2 k 2
.
2m

(1.1)

The dispersion relation Eq. (1.1) is depicted in Fig. 1.

FIG. 1: We can use either the extended zone scheme (left ) or displace all segments of the dispersion
curve into the first Brillouin zone (right), shifting them by reciprocal-lattice vectors.

The effect of a weak periodic potential comes into play mainly near the band zone. Generally, the wave function belonging to a certain wave vector k can be expanded as
Ψk (r) =

X

αk−G ei(k−G)·r .

(1.2)

G

Substituting this into the Schrodinger equation,



~2 2
−
∇ + V (r) Ψk = E(k)Ψk ,
2m

(1.3)

where V (r) denotes the periodic potential, we find


0
E|k−G|


X
− E(k) αk−G +
VG0 −G αk−G0 = 0 .

(1.4)

G0

Here Vk is the Fourier transform of the periodic potential, at a wave vector k. Equation (1.4)
is easily solved by perturbation theory, assuming that all α except αk are small. However,
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this does not work when k is near the zone boundary, where Eq. (1.1) violates the perturbation expansion. Near the zone boundary, we have (assuming that the Fourier components
Vk tend to zero as k increases)


0
Ek − E(k) αk + VG αk−G = 0 ,


0
V−G αk + E|k−G|
− E(k) αk−G = 0 .

(1.5)

The requirement that the determinant vanishes gives us two solutions for the new energy
dispersion,
1q 0
1
0
0
)±
(Ek − E|k−G|
)2 + 4|VG |2 ' Ek0 ± |VG | ,
E ± (k) = (Ek0 + E|k−G|
2
2

(1.6)

(valid near the zone boundary). The new energy spectrum is shown in Fig. 2.

FIG. 2: The opening of the gaps near the zone boundaries.

In two-dimensions, the dispersion relations are exhibited in Fig. 3.

FIG. 3: Left: the constant-energy curves of the free-electron model; right: with the crystal potential, the constant-energy curves inside the Brillouin zone are bended near the zone boundaries.

The opening of the gaps near the zone boundaries is a result of the Bragg reflections. Indeed,
since the (group) velocity is given by the slopes of the constant-energy surfaces,
group velocity =
2

1 dE
,
~ dk

(1.7)

we find that at the zone boundaries the group velocity vanishes, ses Fig. 4. Namely, on
crossing the zone boundary the electron is reflected.

FIG. 4: Bragg reflection at the zone boundary–vanishing of the group velocity in k-space.

The Fermi surface. For a monovalent element, the volume of the Fermi surface is half
that of the Brillouin zone. This is shown in the left panel off Fig. 5 for the free-electron
model. When the crystal potential is taken into account one may have a situation like the
one shown in the right panel of that figure.

FIG. 5: The Fermi surface of a monovalent metal, within the free-electron model (left). The Fermi
surface (of a metal) taking into account the periodic potential (right).

In three dimensions, the Fermi surfaces are much more complicated, see an example in Fig.
6
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FIG. 6: An example of a three-dimensional Fermi surface.

2.

SEMICONDUCTORS

The energy gap. When one plots the electronic density of states of a certain material vs.
the energy, one observes that there are regions on the energy axis in which the density
of states vanishes. The electronic spectrum can then be viewed as ‘bands’ separated by
‘gaps’, see Fig. 7. This is a consequence of the structure of the material (which may be,
for example, a crystal or an amorphous system). Another property of the material at hand
is the concentration of electrons. This concentration determines the Fermi energy, which
determines the highest state occupied at zero temperature (see Figs. 5). We then encounter,
at zero temperature, two possible situations: either the topmost band is completely filled, or
it is just partially filled. In a metallic system, the Fermi energy is located well within one of
the bands, which is then termed ‘the conduction band’. In an insulator, the topmost occupied
band is completely filled, and is then termed ‘the valence band’. The next highest band,
which is completely empty at zero temperature, is the conduction band of the insulator.
The magnitude of the gap separating the conduction band from the valence one varies.
When it is of order of few eV ’s, the material remains essentially an insulator even at room
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temperature,
1 eV ' 1.6 × 10−12 erg ,
kB ' 1.4 × 10−16 erg/K ,
kB T ' 4.2 × 10−14 erg , at room temperature ,
or 1 eV ' 104 Kelvin .

(2.1)

Thus the thermal energy is not sufficient to overcome a gap of order a few eV ’s, but does
suffice when the energy gap is of order of fractions of an eV . In the latter case, the material
is a ‘semiconductor’.

FIG. 7: Examples of band-structures. For a metal, the band may overlap (b), or not (c).

The distinction between a metal and a semiconductor stems from the temperature dependence of their respective electrical conductivities: the conductivity of a metal,
σ=

ne2 τ
,
m

(2.2)

decreases as the temperature is raised, since τ , the mean free time in-between collisions of
the electrons, decreases as the temperature increases. Here, e is the electron charge, m is
its mass and n is the electronic concentration. The dependence of τ −1 on the temperature
follows usually a power law, and therefore it is not particularly strong. On the other hand,
the conductivity of a semiconductor increases exponentially as the temperature is raised,
since the number of electrons making the jump over the gap into the conduction band by
virtue of the thermal energy is increasing exponentially. Semiconductors also exhibit the
phenomenon of photoconductivity: the conductivity of a semiconductor increases when light
is shined on it, since the energy gap (if it is sufficiently small) can be overcome by the energy
of the light. Finally, the conductivities of various semiconductors can vary by several orders
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of magnitude. In this respect, one usually distinguishes between intrinsic semiconductors,
in which the conductivity is dominated by the electrons which are excited thermally into the
conductance band, and extrinsic semiconductors, whose electronic behavior is determined
by the electrons contributed to the conduction band by impurities.
One should keep in mind that the value of the energy gap itself depends on the temperature:
the gap shrinks as the temperature is raised (by a few percents). This is because (i) the band
structure is susceptible to the temperature (the material expands thermally); and (b) the
effect of lattice vibrations (phonons). The energy gap is usually measured by monitoring the
absorbtion of incident radiation, or by studying the temperature dependence of the intrinsic
conductivity. The absorbtion of radiation increases abruptly when its frequency ω is such
that ~ω overcomes the threshold of the gap. However, this is true only for direct transitions,
which occur when the maximum of the valence band is right below the minimum of the
conduction band. When this is not the case, and the maximum of the valence band is not
right below the minimum of the conduction band, the minimal energy transitions are indirect
transitions. Then, a phonon or more are required to supply the missing crystal momentum
between the k−space locations of the minimum and the maximum. The energy of the
phonon is then also absorbed, making the required photon energy less than the threshold.
The band structure of a semiconductor. It is plausible to assume that the number of
electrons in the conduction band, as well as the number of holes in the valence band, of a
typical semiconductor is small; therefore we can approximate the relevant portions of the
dispersion relations of the both bands by quadratic forms
 k2
k2
k2 
1
+ 2 + 3
, for electrons ,
2m1 2m2 2m3
 k2
k2
k2 
1
ε(k) = εv − ~2
+ 2 + 3
, for holes .
2m1 2m2 2m3

ε(k) = εc + ~2

(2.3)

Here, εc denotes the bottom of the conduction band and εv denotes the top of the valence
band. In both these expressions, the three ‘masses’, m1 , m2 , and m3 are simply the coefficients of the expansions of the true dispersion relations around the respective maximum
and minimum. Therefore, these are just effective masses, and their values have still to be
determined.
∗ ∗ ∗ exercise: Why there are no linear in k−terms in the dispersion?
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∗ ∗ ∗ exercise: Find the density of states for the ellipsoidal pockets described by Eqs. (2.3).
∗ ∗ ∗ solution: The constant energy surfaces of the electrons are ellipsoids. Let us first
determine the volume enclosed by such a constant energy surface, of energy ε. Since energies
in the conductance band are measured relative to εc , the constant energy surface is given by
~2  k12
k2
k2 
+ 2 + 3 =1.
ε − εc 2m1 2m2 2m3
This is the equation of an ellipsoid, with three axes, given by Ri =

(2.4)
p
2mi (ε − εc )/~,

i = 1, 2, or 3. The volume in k−space of our ellipsoid is (4π/3)R1 R2 R3 = (4π/3)[ε −
√
εc ]/~2 )3/2 m1 m2 m3 . We divide this volume by the volume of a unit cell in k−space, 8π 3 ,
and find that the total number of states contained inside a constant surface energy ε is
Nc (ε) =

1
4π  2(ε − εc ) 3/2 √
m1 m2 m3 3 .
2
3
~
8π

(2.5)

The density of states, Nc (ε), (the number of states per unit volume, per energy, per spin),
is the ε−derivative of Nc (ε) with respect to ε,
∂N (ε)
1
Nc (ε) =
= 3 2
∂ε
~π

r

(ε − εc )m1 m2 m3
.
8

(2.6)

A similar calculation can be carried out for the holes; the result then contains |ε − εv | in
place of ε − εc .
∗ ∗ ∗ exercise: What is the difference (if there is any) between the electronic density of
states of a semiconductor, and that of the free electron gas (which describes rather well a
metal)?
The effective masses are measured by the technique of cyclotron resonance. This is accomplished by applying a (constant) magnetic field, B. Let us consider the electron pocket,
described by the dispersion (2.3) (the first equation there). We use the semiclassical equations of motion to describe the motion of the electrons, employing the coordinate scheme in
which the magnetic field and the velocity vectors are decomposed along the three principal
axes of the effective mass tensor,
mi


dvi
e
e
= − v × B = − ij` vj B` .
dt
c
c
i

(2.7)

Here, ij` is the fully anti-symmetric Levi-Chivita tensor, and repeated indices are summed
over. We now assume an oscillatory solution for the velocity, with frequency ω, such that
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d2 vi /dt2 = −ω 2 vi . Then, by taking a second temporal derivative in Eq. (2.7), we obtain
−ω 2 vi =

 e 2
c

ij` ji1 `1

 e 2
1
1
B` B`1 vi1 = −
ij` i1 j`1
B` B`1 vi1 .
mi mj
c
mi mj

(2.8)

There are two possibilities, due to the properties of the Levi-Chivita tensor: either i1 = i
and then ` = `1 or i 6= i1 , in which case i1 = ` and `1 = i. Therefore we obtain
 e 2 X B B v
 e 2 X B 2
i ` `
`
2
−ω vi = −
(ij` ) +
(ij` )2 .
vi
c
mi mj
c
mi mj
j`
j`
2

(2.9)

(Here, the summation symbol has been introduced explicitly for clarity.) For example, for
i = 1 Eq. (2.9) becomes


ωc2

−ω

2



v1 =

 e 2
c

X
B1
Bi mi vi ,
m1 m2 m3 i=1,2,3

(2.10)

where we have defined
ωc2 =

mi Bi2
,
m1 m2 m3

 e 2 P

i=1,2,3

c

(2.11)

the cyclotron frequency squared. In general, Eq. (2.9) represents three linear homogeneous
equations, and one can easily verify that the determinant of that system of equations vanishes
when the frequency ω equals the cyclotron frequency.
A simple example is when the magnetic field is along the z(=3) direction. Then Eqs. (2.10)
reduce to
(ωc2 − ω 2 )v1 = 0 , (ωc2 − ω 2 )v2 = 0 , ω 2 v3 = 0 .

(2.12)

The non-trivial solution is v3 = 0, and ω = ωc . In practice (will be discussed in the exercise
class), there is another term in the equation of motion (which is not considered above).
Since for that frequency the electrons’ motion is at resonance with the magnetic field, one
can measure it (from peaks in the absorption spectrum as function of the magnetic field).
One can deduce the cyclotron mass, m∗ ,
s P
2
1
i=1,2,3 mi Bi
P
=
.
m∗
m1 m2 m3 i=1,2,3 Bi2

(2.13)

The measurement can be carried out for various orientations of the magnetic field, and
then one can deduce information about the masses mi . Such measurements require that
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the mean-free time in-between collisions of the electrons will be larger than the cyclotron
period, so that electron will complete several revolutions before being scattered away. In
other words, the measurement requires rather low temperatures and relatively pure samples.
The number density of charge carriers at thermal equilibrium. Quite generally,
the electrons in the conduction band of a semiconductor are there either because they were
transferred from the valence band (by the thermal energy), or because they come from various impurities present in the system. For the same reasons, there are holes in the valence
band. In any event, the electronic concentration of the electrons in the conduction band,
nc , at thermal equilibrium, is given by
Z
nc (T ) =

∞

dεNc (ε)

εc

1
eβ(ε−µ)

+1

.

(2.14)

Here, β ≡ 1/(kB T ) denotes the inverse temperature, µ is the chemical potential, (it is a
function of the temperature) and Nc (ε) is the density of states, found above [see Eq. (2.6)].
Note that we have taken the width of the conduction band to be unrestricted, whereas our
result for the density of states is valid only in relatively small pockets around the minima
of the conduction band. This approximation will turn out to be justified. Note also the
implicit assumption that the presence of impurities does not affect the density of states.
Employing similar approximations, the density of holes in the valence band, pc , is given by
Z εv

 Z εv
1
1
dεNv (ε) 1 − β(ε−µ)
pc (T ) =
dεNv (ε) β(µ−ε)
=
.
(2.15)
e
+1
e
+1
−∞
−∞
The exact location of the chemical potential in the energy scheme depends on the nature of
the impurities, their number, etc. However, we will make the assumption that the chemical
potential is located somewhere within the energy gap between the conduction and the valence
bands, and that the temperature is not too high, such that
εc − µ  kB T , and µ − εv  kB T .

(2.16)

In other words, all energies, kB T , εc , εv , and the chemical potential µ are well separated,
and not close to each other.
∗ ∗ ∗ exercise: Give numerical estimates for the temperature and the width of the energy
gap for Eqs. (2.16) to hold.
The approximation (2.16) allows to replace the Fermi distribution by the Boltzmann one,
1
1
' e−β(ε−µ) , and β(µ−ε)
' e−β(µ−ε) .
(2.17)
β(ε−µ)
e
+1
e
+1
9

Then, inserting the condition (2.16) into Eq. (2.14), we perform the resulting integration as
follows
Z
m1 m2 m3 ∞ p
dε (ε − εc )e−β(ε−µ)
2
r εc
Z
m1 m2 m3 ∞ p
−β(εc −µ) 1
=e
dε (ε − εc )e−β(ε−εc )
3
2
~π
2
εc
r
Z εc +kB T p
1
m1 m2 m3
' e−β(εc −µ) 3 2
dε (ε − εc )
~π
2
εc
r
1
m1 m2 m3 2
(kB T )3/2 ≡ Nc (T )e−β(εc −µ) .
= e−β(εc −µ) 3 2
~π
2
3

1
nc (T ) ' 3 2
~π

r

An analogous calculation for the hole concentration gives
r
m1 m2 m3 2
−β(µ−εv ) 1
pv (T ) ' e
(kB T )3/2 ≡ Pv (T )e−β(µ−εv ) .
~3 π 2
2
3

(2.18)

(2.19)

(Note that the effective masses, mi , i = 1, 2, or 3 need not to be identical for the valence
and for the conduction bands. Therefore, the temperature-dependent coefficients Nc (T ) and
Pv (T ) need not to be identical.) Although the above calculation does not actually give the
concentration of the charge carriers, since we still do not know the chemical potential, it
does tell us that when one of the concentrations is known, we can find the other. The reason
is that the chemical potential is cancelled when we consider the product,
nc (T )pv (T ) = Nc (T )Pv (T )e−β(εc −εv ) = Nc (T )Pv (T )e−βEgap .

(2.20)

The pure (intrinsic) case. When the semiconductor is very clean, we may assume that
all electrons in the conduction band come from the valence one, and therefore the density of
holes must equal the density of the electrons. We denote the chemical potential of this case
by µi , and the concentration of electrons in the conduction band or of holes in the valence
band by ni (T ). Then, from Eqs. (2.18) and (2.19), we have
e2βµi =

Pv (T ) β(εc +εv )
εc + εv kB T Pv (T )
e
V µi (T ) =
+
ln
.
Nc (T )
2
2
Nc (T )

(2.21)

Hence, since the chemical potential is known, we can compute the electron (or the hole)
concentration. We also note that at zero temperature (where the chemical potential is
identical to the Fermi energy), the chemical potential of the pure semiconductor lies exactly
at the middle of the gap. Finally we note that the change of the chemical potential with
the temperature is not large, since the ln-term in Eq. (2.21), being determined by the ratio
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of the effective hole masses and the effective electron masses, is of order unity. All these
considerations are valid when the temperature is sufficiently low, so that all our assumptions
above are valid.

FIG. 8: Energy levels of an intrinsic semiconductor.

The doped (extrinsic) case. When the semiconductor is doped, the impurities contribute
electrons to the conduction band (or holes to the valence band). In that case, nc (T ) 6= pv (T ).
Let us then denote
∆n(T ) = nc (T ) − pv (T ) , and nc (T )pv (T ) = n2i (T ) .

(2.22)

The second relation here is simply another way to present our result Eq. (2.20). It is
straightforward to solve these two equations, and to obtain
r
∆n
∆n 2
nc =
,
+ n2i +
2
2
r
∆n 2
∆n
pv =
+ n2i −
.
2
2

(2.23)

(We suppress the dependence on the temperature for brevity.) We see that if |∆n|  ni ,
then (depending on the sign of ∆n) either the concentration of the charge carriers is mainly
that of the holes (∆n is negative), and then the semiconductor is of the “p-type”, or the
concentration is mainly that of the electrons (∆n is positive) and then the semiconductor is
of the “n-type” .

11

FIG. 9: Energy levels of an extrinsic semiconductor.

We can proceed a bit further with the above considerations, and re-write nc for example,
from Eq. (2.18), in the form
−β(εc −µ)

nc = Nc e

np
o nr N
o
c −β(− Egap +εc −µ)
−βEgap /2
2
=
Nc Pv e
×
e
Pv
np
o n
o
Egap
kB T
Pv
Nc Pv e−βEgap /2 × e−β(− 2 +εc −µ+ 2 ln Nc ) .
=

(2.24)

The first factor here is just ni , while the second one, using Eq. (2.21), contains µi (the
chemical potential of the pure semiconductor) in the exponent. Therefore we have found
that
nc = eβ(µ−µi ) ni , pv = e−β(µ−µi ) ni .

(2.25)

∆n
= 2 sinhβ(µ − µi ) .
ni

(2.26)

It follows that

In order to proceed farther, we need to calculate the concentration of electrons contributed
by the impurities, or captured by them (and then there is a contribution to the hole concentration). Impurities which contribute electrons to the semiconductor are called ‘donors’,
and those that capture electrons and hence contribute holes are called ‘acceptors’.
Impurity energy levels. Let us first estimate the energy of an electron belonging to a
certain donor. For simplicity it is assumed that each donor contributes just one electron,
for example, an arsenic ion (charge 5e) in a germanium (charge 4e) crystal. One might have
thought that the energy of the extra electron of the arsenic is its ionization energy, 9.81 eV ,
which is huge (as compared to the band structure energies). However, this value is for a
free arsenic ion, while in our case the arsenic ion sits in the germanium medium. This fact
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reduces that ‘ionization’ energy drastically, for two main reasons. 1. The ionization energy
is related to the Coulomb energy between the ion and the extra electron. The semiconductor
has a relatively high (static) dielectric constant (of about 10-20), and therefore this energy
is reduced by at least an order of magnitude. The reason for the high dielectric constant is
related to the relatively small values of the energy gaps. In a metal, for example, there is
no gap at all, and the static dielectric constant indeed is infinite. The smaller the energy
gap is, the larger is the dielectric constant. 2. The electron released from the donor into
the conduction band has there [see Eq. [2.3)] a parabolic relation between the energy and
the momentum, but the mass is not the free electron mass. In general, that mass is about
a factor of 10 smaller than the free electron mass; by moving into the conduction band the
electron gains kinetic energy. We may combine these two sources to estimate the ground
state energy using the Bohr radius, a0 ,
n me4 o n m∗ 1 o n
o n
o
me4
e2
−3
≡ 2 V
×
'
13.6
eV
×
10
.
Ed =
a0
~
~2
m 2

(2.27)

This binding energy should be measured relative to the conduction band; in other words,
the additional electronic level contributed by the donor is at an energy distance Ed below
the conduction band, so that it takes a much smaller energy to excite the electron from the
donor level into the conduction band (as compared to exciting it from the valence band).
Although this estimate is done for a single donor, we may assume that all donors contribute
their electrons to the localized level located below the conduction band. This is true as
long as the concentration of donors is such that they do not interact among themselves.
Similar considerations hold for the energy levels of the acceptors; those are located close to
the valence band, so that it is easy for the electrons to be excited from the valence band to
the acceptors’ level, leaving behind them holes in the valence band.
Population of impurity energy levels. An impurity energy level can be in one of the
three following configurations: a. it can host no electrons at all, and then it is empty, and
the corresponding energy is zero; b. it can host an electron of spin up or an electron of spin
down, and then it is singly occupied and its energy is Ed ; or c. it can host two electrons, one
for each spin direction, and then it is doubly-occupied, and its energy is 2Ed + U , where U is
the (repulsive) electrostatic energy it costs to bring two electrons to the same level. Taking
the thermal average we find the thermal equilibrium population of an impurity energy level.
The partition function of our little system, which is coupled to an electron bath of chemical
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potential µ and temperature T , is
Z = 1 + 2e−β(Ed −µ) + e−β(2Ed +U −2µ) ,

(2.28)

and the average population of the level is then

1  −β(Ed −µ)
−β(2Ed +U −2µ)
hni =
2e
+ 2e
.
Z

(2.29)

∗ ∗ ∗ exercise: Under which circumstances Eq. (2.29) reproduces the Fermi distribution?
explain.
Usually, the on-level Coulomb repulsive interaction, U , is huge; of order of several eV ’s. The
exponents including it are then almost zero. As a result Eq. (2.29) becomes
hni =

1
1 β(Ed −µ)
e
2

+1

,

(2.30)

so that the concentration of the electrons coming to the conductance band from the donors,
nd , is
nd = Nd hni ,

(2.31)

where Nd is the concentration of the donors.
∗ ∗ ∗ exercise: Show that the concentration of holes contributed to the valence band by the
acceptors is given by
pa =

Na
1 β(µ−Ea )
e
2

+1

.

(2.32)

Here, Na is the concentration of acceptors, and Ea is the energy level of a single acceptor,
measured relatively to the top of the valence band.
The charge carrier density of a doped semiconductor. Let us now consider a doped
semiconductor, in which the concentration of donors is Nd , and the concentration of acceptors
is Na , such that Nd > Na . At zero temperature, the valence band is filled completely and
the conduction band is empty. In addition, in each unit volume, Na electrons will ‘fall’ from
the donor energy levels to the acceptor levels and fill them (remember that each acceptor
has, e.g., one electron less than the host material, and each donor has one extra electron).
Thus, at zero temperature, all acceptor levels (whose number per unit volume is Na ) are
14

filled, the valence band is filled, and there are Nd − Na electrons in the donor levels. As the
temperature is raised, the electrons will be redistributed among all the levels, (namely, the
levels in the valence band, in the conduction band, and those belonging to donors and to
the acceptors), but their total number will remain the same.
At a finite temperature T there are nd electrons on the donor levels and nc electrons in the
conduction band (per unit volume), and pv holes in the valence band, and pa holes on the
acceptor levels. The total number of holes must be equal to the total number of electrons,
Nd − Na = nc + nd − pv − pa .

(2.33)

This equation fixes the chemical potential µ of our system, and allows for a full calculation of
all densities. We note that Eq. (2.33) ensures the neutrality of the system: Nd is the number
of donors, which are charged positively, likewise Na is the number of acceptors, which are
charged negatively. Therefore the total positive charge in the system is Nd + pv + pa , while
the total negative charge of the system is Na + nc + nd (all per unit volume). However, in
order to simplify the calculation, we make the assumption [compare with Eq. (2.16)]
Ed − µ  kB T , and µ − Ea  kB T .

(2.34)

When these approximations are introduced into Eqs. (2.30), (2.31), and (2.32), we find that
nd ' 2Nd e−β(Ed −µ)  Nd , and pa ' 2Na e−β(µ−Ea )  Na ,

(2.35)

such that our condition Eq. (2.33) becomes
∆n ≡ nc − pv = Nd − Na .

(2.36)

In summary, [see Eqs. (2.22) and (2.23)], our set of equations for the charge carrier densities
is
Nd − Na
= 2 sinhβ(µ − µi ) ,
ni

(2.37)

and
 
n 
c

 pv 

=

2
i1/2 1 h
i
1 h
± Nd − Na .
Nd − Na + 4n2i
2
2

15

(2.38)

In the mostly intrinsic case ni  |Nd − Na |, and in the mostly extrinsic one ni  |Nd − Na |.
∗ ∗ ∗ exercise: Show that in the mostly intrinsic case, the charge carrier densities are given
by
 
n 

1
' ni ± (Nd − Na ) ,
 pv 
2
c

(2.39)

while for the mostly extrinsic regime
nc ' Nd − Na , and pv '

n2i
, for Nd > Na ,
Nd − Na

(2.40)

pv ' Na − Nd , and nc '

n2i
, for Na > Nd .
Na − Nd

(2.41)

and
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